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ABSTRACT

The purpose of this thesis is to develop the equations of condi-
tion necessary for determining the coefficients for Runge-Kutta methods used in
the solution of ordinary differential equations. The equations of condition
are developed for Runge-Kutta methods of order four through order nine.
Once developed, these equations are used in a comparison of the local trun-
lcation errors for several sets of Runge-Kutta coefficients for methods of

order three up through methods of order eight.
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CHAPTLR 1

INTRODUCTION

1.1 Description of the Problem

“JThe purpose of this thesis was to develop the equations of condi-
: tion necessary to determine the coefficients for Runge-Kutta methods used in
the solution of ordinary differential equations. The equations of condition
were developed for Runge-Kutta methods of order four through order nine.
Once, developed, the equations were used in a comparison of local truncation
erfors’for several sets of Runge-Kutta coefficients for methods of order
.thfee‘through order eight. The equations of condition were generated by
the comquér using the algebraic manipulation laﬁguage SYMBAL3 and the
CDC 6600/6400 computer system at the University of Texas at Austiﬁ.
;;2 Motivation

- Numerical solutions to ordinary differential equations play a
large role in the study of science and engineering. Tﬁe integration of
spacecraft trajectories in orbital'mechanics, for example, requires ac-
curate and efficient numerical integration techniques. The Runge-Kutta
type methods for solving systems of ordinary differential equations are
widely used because of their simplicity of application. Any studies of
existing Runge-Kutta methods, or attempts to produce new or better Runge-
Kutta methods will result in a better understanding of the methods, and
will lead to the development of more efficient techniques for solving the

ordinary differential equations of science and engineering.



CHAPTER II

GENERATION OF THE EQUATIONS OF CONDITION FOR RUNGE-KUTTA
COEFFICIENTS WITH TAYLOR SERIES EXPANSIONS

2.1 Description of the Method

Consider the ordinary differential equation

%}f = y'(x) = £(x, y) | (1)

with initial conditions y(xo) =Yg where y and f may be vectors, y is the
dependent variable, and x is the independent variable. A solution of the
form y = y(x) which satisfies the initial conditions and Equation (1) is
desired. .The'existence and uniqueness of a solution is assumed since there
exist theorems® wﬁich state'that if f(x, y) is sufficiently well behaved
near a point (x, y), then Equation (1) has a solution that passes throﬁgh
the point and is unique in a neighborhood of the point.

A solution of Equation (1) can be found using a Taylor series ex-
pansion of y about y = Yo in the form

hZY h3Y3
- \ "
y(Xo tyh) = Vo F tho M 2! Yo + 3!

yéf' + ... (2)

for any y for which the series converges. This technique requires, however,
that the derivatives of y(x) be known up to some desired order. Since
f(x, y) is a function of both x and y, these derivatives may become quite

complicated. It is convenient to introduce the following notation:

= f[o] =

y' £,
" - g1l ,
2
g g2l



whére f[l] =f + ff .

x y
where fx and fy represent partial derivatives of f(x, y) with respect to
x and y respectively. Successive derivatives of y(x) can be generated using

PGIEIEN R & ) & I Py

X
If the function f(x, y) is complicated, this procedure can become prohib-
itively difficult.

| Runge17 was the first to point out that it was ppssible to avoid

the successive differentiation required in the Taylor series solution while
still preserving the accuracy. Runge bypassed the derivatives in the Taylor
series solutioﬁ by using evaluations of the function f(x, y) within the
interval (xo, yo) to (xO + h, y(xO + h)). Runge's ideas were applied to

7

first order differential equations in a more accurate form by Heun and

Kuttal®, and extended to second order differential equations by Nystromlu.
zurmuh12® continued the extension to nth order.

Considering only the first order system of differential equatioms,

the problem formulation now becomes

& - y' = f(x, )

dx
Y(xo) = YO >
with ‘ fé = f(xo, yo), and
k-1
£, = £(x, + obh, y hxzo Byfy)s k=1, 2,3, ...y m,

where n + 1 equals the number of function evaluations required in the inter-
val. The solution is then given by

n
Y(x) =y, +h ) of * o™

’ (3)
k=0 .
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where m is the order to which the Runge-Kutta formula agrees with the Taylor
Series,vand h is the integration step-size which implies a value y = 1 in
Equétion (2).

In order to obtain Y(x) from the Runge-Kutta scheme, it is neces-
sary to determine the coefficients a, B8, and ¢ in such a way that the
Runge~-Kutta solution is equivalent to the Taylor series solution to some
order m. In order to accomplish this, the common approach in the past has
been to equate the expréssion for y(xo.+ h) obtained from the Taylor series
in Equation (2) and the expression for Y(x) cbtained: from the Runge-Kutta
formulation given in Equation (3). From.this equivalence the coefficients
of corresponding powers of h are compared yielding a system of nonlinear
algebraic equations, which are referred to as equations of condition, from
which the unknown coefficients may be determined for the classical Runge-
Kutta formula of order m.

For the solution of this set of equations of condition to yield
coefficients which produce a method of order m, there is a minimum number
of function evaluations required for that order. For example, since a
seventh order method requires at least nine function evaluations, a method
which has eight function evaluations can at best be a sixth order method
although only seven function evaluations are actually required for a sixth
order method. Since many of the existing methods use more than the minimum
number of function evaluations for a given order, the number of function
evaluations used for each order in this study was chosen equal to that of
the method using the most function evaluations for that order. Table 1
- shows the minimum number of function evaluations, the number of function
"evaluations used in this study, and the number of new equations of condi-

tion expected for methods of order three through order nine.



Table 1.

Number of Function Evaluations and Equations of Condition

Min. No. of Func. .. No. of Func. ' No. New Egs.
Order : Eval. Reqd. : : Eval. Used Expected
3 3 b 2
m m 5 4
5 6 6 9
) 7 8 20
7 e o 48
8 11 e 13 o115
9 - ' - .17 286

it will be adVantageoﬁs fb'giQe'an e#amplé to iliustrate this
procedure, which, although basically'simplé ahd straightforward, is ex-
tremely tedious; Considep_the deveiopment of the equations of condition
- for a Runge-Kutta formula of third order with three function evaluations,

The Taylor series solution becomes:

y(x_+h) =y _ +hy'+ Ei-y" Ry 0(h*)
o Yo Yo 779 78 Yo ?
where | yé =f,
LI I
A (fX + fyf)O s
"Yro= (F o+ 2fF + f2f | 2y .
v (£, . xy v * £yt ffy Do

By expanding the function fk in a Taylor series of two variables, the
Runge-Kutta solution yields:
- ' L
Y(x) = Vo t h(cofo + clfl + c2f2) + 0(h*) ,

where fo = fo .



Hh
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1 f(xb + alh, Yo * hBlOfo)

- Lo2h2fF LR 2Kn2¢2¢ 3
fo + alhfx + hBlOfyf + quh fxx + zBth f fyy + 0(h?),

Hh
1]

o = flx_ + ayh, y_ o+ h(BQOfo + By £1))

£+ ohf, + hlB, £+ 8 (F+ alhf# + b8 f O]E
+ %aghzfxx'+ %hz[szofo + By (£ + alhfx)]2fyy
+ thZ[BQOf:+ B,y (£, + alhfx)]fxy + 0(h),
.Setting y(xo + h)_eQual to Y(x) gives:
Yy, + hf_ + hz[-61-<fx + fyf)J‘+‘h3[%(fXx + 2f F 4 f2fyy +EE ffyz)] + 0(h")
= y, + h{cofo + cl[fo + h(alfx + Blofyf) + %hz(aifxx + Bionfyy)
+ h(a,B ffxy)] + o lf, + h(&éfx + s2offy + By £ (f + ojhf,

1710
' 12,2 2 2y 4 w2
+ Blofyfh)) t 5 h%(alf  + f fyy(B20 +8,)°) +h (a2820ffxy
: 4 .
A+ a262lffxy)]} + 0(h"). o

Comparing»similar powers. of h:

o .= )
h Yo TV B
1 o .
h fo = cofO + clfo.+ c2fo 3
h2 e s e af +cof
2°x 1717 x 2727°x °®
1 _ .
§fyf = clBlOfyf + c2(820 + 621) ffy 5
© 33 1 1,2 2
h Efxx 2 (alcl * a2c2)fxx ?
Leoe oL B 24+ B..)2)E2f
6 yy 2 ‘“1”10 2'%20 T Fo1 yy

1
gfxfy - c2821alfxfy ’

leoe 2
nyf = c2821810fyf s
1 -
§fxyf = [c2a2(820 + 621) + clalBlo]fxyf



An examination of these equations reveals that

oy =_610 , and
a, = 820 + 821.

In generél, this requirement can be stated
i-1

o, = j’ZOBij .

The equations of condition for the third order Runge-Kutta formula then

become;
1l = S +'cl + c2 s
% ) C1"‘1 tey
%;' clal t c a5 .
. 'é‘f L .

By extending this procedure to higher orders it is observed that
as the order and number of function evaluatlons 1ncrease, the expressions
for f[ i] in the Taylor series and fi in the Runge-Kutta formula become more
and more complex and grow enormously in length.

2.2 Computational Procedure and Limitations

In order to génerate the equations of condition for Rungé—Kutta
methods, the computer and the algebraic manipulation language, SYMBAL, were
employed. From the example just given it is obserQed that the generation
of the equations of condition for even the fourth and fifth order methods
is an extremely tedious task. Therefore,_the computational power of the
computer was used to develop these equations, beginning with the fourth
order method, in hopes of eventually developing the equations of condition

for high order Runge-Kutta methods.



The SYMBAL (SYMBolic ALgebra) language used was developed by
{M;AE. Engeli* and is implemented on the CDC 6600 at The University of Texas
étiAusfiﬁ_and at the Swiss Federal Institute of Techhélogy in Btrich. The
laﬁguage is a generalization of ALGOLiGO with the manipulation of unre-
stricted algebraic expressions of which numbers represent only a very
special cése. ﬁAlthough-the language SYMBAL may not be widely available,
it is similar tovseveralvbther algebraic manipulation languages in use
: thch may be more familiar to the reader.

| The original program used_in,fhis study is shown in Appendix I
,énd'appears in the SYMBAL manu_alL+ where, as'anvexaméle, the fourth order
gquationé of condition afé_develoﬁed. This‘brogram proceeds exacfly as
in the third order example of the previous section. As‘a result, the
Taylor series expansions are in two vériables and the_requirement that
o ='ZB was not included. The first fevision_ofvthis program, Revision 1
shown in Appendix I, incérporates an.autondmous differential equation to
avoid the'Téylor series éxpansiéns iﬁ two vériables, i.é., the right-hand
side.of the differential equations contain only the dependenf variable.
The fact that © = LB was also incorporated into this program. Table 2 in
the hext.section gives the reéults of this chénge;

With the increased efficiency gained.by,the first revision for
the fourth order Runge-Kutta equations of condition, efforts were then
directed toward generating the fifth order eQuations of céndition. The
fifth order method requires six function evaluations and all expansions
were carried out to include fifth order'ferms, thus increasing the complex-
ity‘bf the problem considerably over that of the fourth order. With the
increased complexity of computation, problems of inefficiency in the pro-

gram became apparent. Due to the size of the expressions and to the large



number of intermediate calculations, storage problems were encountered.
-When it became evident that this would be a serioﬁs problem, the program
~was divided into two parts: (1) y(xO + h) and Y(x) were calculated as
described earlier, and (2) like powers of h in the two resulting expres-
sions were compared to yield the equations of condition.

The major area of inefficiency in the prbgram was found to be
the calculation of unnecessary terms in maﬁy instances which, after multi-
'plications‘or substitutions, led to expressions containing higher order
. terms in h than were neéded. The program at this stage waé set up to
develop all needed expressions to fifth‘order, then multiplications and
substitutibns were_carried out and‘the resulting expressiohs truncated to
fifth order. A éonsiderablé effort was made to'minimize the calculatioﬁ
of'these'extra terms so that énly those needed to make the final result
fifth order were rétained; The details of this work will not be discussed;
_But a copy of this program, Revision 2, is shown in Appendix I. Attempts
at further revisions of this basic program did not lead to substantial im-
provement. The results of generating the equations of condition for the
fifth order are presented in Table 3 of the next section.

From the results shown in Table 3 it is obvious that this method
would not produce the fifth.order‘equations of condition. As a final at-
tempt to determine the fifth order results with this method, efforts were
made to use magnetic tapes to help decrease storage and to store expressions
for future use. However, the SYMBAL compiler has very limited file manipu-
lation capabilities. It was possible to store results on taée, but there
are‘no provisions for reading information into a SYMBAL program from tape

so that the usefulness of this effort was considerably reduced.
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Beéauée this method.was using the maximum allowable storage and
because relatively long computing times were.encounterea at the fifth order
level, it was evident that the series éxpansion approach was not practical,
especially since the equations of condition were snght for high order
formulas (eighth, ninth, tenth,.etc.). Although this method failed to
achieve the desired goal, it did provide much insight into the capabilities
and limitations of the SYMBAL language.

2.3 Summary of Results

Tbe.results-of the fourth ofder programs are given in Table 2.
These reéﬁlts ére for a complete set of equations with four function evalu-
atiqﬁs; Table 3 gives the results for the fifth order Runge-Kutta method
with six function evaluatiéns. It should be remembered that the fifth
order program was divided into two sections, and Table 3 gives only the
results for the fi?st half of the pfogram which was to calculate y(xo + h)
and Y(x). Although these expressions were finally obtained and stored on
fape, fhe actual set of equations of condition was not obtained. The pro-
gram, Revision 1, used in the fifth order study was the same as that used
in the fourth order study with only the order and number of function eval-

uations changed.



Table 2.

Fourth Order Results

11

CDC 6600 .
Program - No. of Egs.
Storage Reqd. Run Time
Original 770008 - 30.4 sec. 19
Revision 1 770008 10.8 sec. 7
Table 3.

Fifth Order Results

Pfogram

CDC 6600

Storage Reqd. Run Time

y(xo + h),IY(x)

Revision 1

Revision 2

220000, (max.) 5007 sec.

2200008 (max.) 97 sec.

not obtained

“obtained




CHAPTER III
-GENERATIdN OF THE EQUATIONS OF CONDfTiONVFOR RUNGE-KUTTA
COEFFICIENTS WITH THE METHOD OF E. BAYLIS SHANKS

After the failure of the Taylor series approach discussed in
Chapter II, an alternative method was sought. Since most of the problems .
in the Taylor series approach stemmed from the.large expansions of f[i:I
and fi’ it was naturai to turn to the work of E.-Baylis Shanks!®., Shanks
has developed a method which generates the desired equétions of condition:
without carrying out the classical expansions and comparing coefficients
of éimilar powers of h, as was done in Chapter II. |

3.1 Description of the Method

Again the system under consideration is
yt=Ex y) o, yx) =y,

where the solution is given by
n

Y(x) = Vo * h.z Cifi s
1=0 :
with
i-1
£, = f(x  +ah, y_+ hjzosijfj).

The parameters to be determined are again o, 8, and c.
It can be shown!? that a necessary and sufficient condition for
the Taylor series for y(xo + h) and the expansion of the solution Y(x) to

agree through terms in n" is

(k-1], _ . % [k-1] )
(f )o = k z o (£, )os k=1, 2, ouu, -1, (4)

i=0

where f[k:l was defined in Chapter II, and fi[k] denotes the kth derivative
i-1
of f, as expanded about (xO + aih, Y, +.Z

Bijfj). Shanks states and proves
3=0

12
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several theorems in order to arrive at expressions for the derivatives
(f[k—l])o,and (fi[k_l])o in Equatien (4). He shows that the left-hand

side of Equation (4) may be represented by o
[k ., - [x] 5
- R _ (5)

k .
where the factor nt[ ] is a product of integers and partial derivatives.

For an expression for fi[k] Shanks fipst defines a quantity

Qil[l] = 8y, and he then develops inductively that the general term, Qj [x]
- - t.
is
. i, i-1 i i=1
otl( %2 § Bi.Q.[l])...( ™k § Bi.Q.[k 11y, (6)
r=1 j=1 33y r=1 j=1 R
r r
where the induction is on k, k = il 2, tees # kik’ and where the sub-
1 i, k

scripts t, tr are used to number distinct terms defined for each fixed k.

As an example consider k = 2 where either:

1,52 i,=0,t=1,
: 2
N IS
1
or
il =0, 12 =1, t =2,
i-1
2
Qi[ 1., IR
2 j=1 *3
It is then stated and proven19 that fgk] can be given as
(] . [x], [x]
fj = Ztth L (7)

From Equations (4), (5), and (7) the necessary and sufficient condition

can now be written:

5 k] ¥ (k] [x]
Lol = (k + 1) ) ciEtQit T,
i=0



1u

or, by rearranging this expression,

n .
Xt[l - (k + 1)'2 ciQi[k]]nEk] =0 . (8)
1=1 t

From Equation (8) the sufficient condition then becomes:

n
1= (k+1)) ciQ.[k], k=1, 2,..., m-1. (9)
i=1 T Tt

The reader is referred to the original paper by Shanks1? for a
.complete treatment of the theorems and proofs leading to Equation (9).
Equation (9) gives the sufficient conditions to be satisfied for a given

(k]

order and these equations can be completely determined when the Qi ex-
t
pressions are known.
For comparison with the Taylor series approach, the third order

equations will be developed using Shanks' method. From Equation (4),

with k = 1, it is seen that:

but since fi = f
o)

o
n
1= Z c, .
i=0
This equation always occurs and is thus assumed for simplicity from this

point on since it is not produced by Equation (9). From Equations (6)

and (9), for k = 1:

Qil - al b}
2
1l = QiZlCial s
and for k = 2,
2] . » [2] N
Q. a’ 5 Q. =2 ) B,.a ,
i i i, 521 1171
) ] e2 ]
l1=3 z c.o? 1 =23 c.2 B..a .
isp izp by MM



The equations of condition are then:

1

e} 1 2
= e o,
clai + CQG% s
€2821% g

which are identical to the equations obtained in the example in Chapter II.

The series expansions have been eliminated and the computational complexity

greatly reduced.

3.2 Computational Procedure and Limitations

A SYMBAL program was written to produce the Q expressions, from

.‘l'

which the equations of condition follow immediately. This program is shown

in Appendix I as Shanks' Method and includes the output for the fifth order

equations of condition. It was found that Shanks' method was particularly

well suited for computer implementation.

Equations of condition were generated for the fourth, fifth,

sixth, and seventh order Runge-Kutta methods without difficulty. The

number of function evaluations used in each order is given in Table 1 in
section 2.1. The results of this program are given in Table 4 in section

3.4. From Table 4 the time required for successive orders is seen to grow

rapidly. The time that would be required for an eighth order run was

estimated at about eight minutes.

program because of what appeared to be a limit on the size of an array or

the number of variables used.

The program could not be compiled, and was

However, it was not possible to run this

terminated during the setting up of the Q array which is a triangular

array with three indices of the form Q[S, 13, 297].

An "inventory over-

flow'" diagnostic was given and all efforts to compile the eighth order

program failed.
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3.3 Generation of Reduced Systems of Equations of Condition for

High Orders

Up to this point tﬁe goal had been the generation of the complete
set of equations of condition for each order of Runge-Kutta method.
However, to solve the resulting equations for the a, 8, and c coefficients,
the number of equations must be reduced for the higher order methods since
the system is ovefdefermined, i.e., more equations than unknowns. The
usual procedure in solving the equations of condition is to generate the
complete set of equations and then méke certain assumptions to reduce the
number of equations. The assumptions that are usually made arise naturally
.from a quadrature approach16 and they make several of the originél equa-
tions identical, thus reducing the number of equations in the system.

The assumptions uged in this study were:

IRa

4

1
£RaZ = -503 s
1 ,
2Ba® = a* . (10)

These assumptions were incorporated into the calculation of the Q expres-
sions which then led to the generation of a reduced system of equations
directly. This program is shown in Appendix I as Shanks' Revision 1.

The assumptions that reduce the number of equations of condition,
and the number of these assumptions to be made to minimize the number of

3, who concludes that

function evaluations required are discussed by Curtis
four assumptions of the type given by Equation (10)will produce an eighth

order method with eleven function evaluations. Since the present study

is concerned with generating the equations of condition, it was decided



to use only the three assumptions given in Equation (10) solely on the
basis of ease of computation of the eighth and ninth order equations of
condition. The eighth and ninth order equations of condition were then
generated in reduced form without difficulty. The results are given in
Table 5 in section 3.4.

With this technique it is now feasible to go to the tenth and
higher order methods by making additional assumptions, but this was not

done since it was desired to use the equations generated up to this

point to make comparisons of local truncation errors. This comparison is

discussed in Chapter IV. It is stressed, however, that the equations of

condition can be computer generated for higher order Runge-Kutta methods.

3.4 Summary of Results

The results for the fourth, fifth, sixth, seventh, and eighth
order methods using the Shanks method are given in Table 4. These are

complete sets of equations, but the number of equations given for each

order in the table is the number of new equations due only to that order.

Table 5 gives the results for the reduced eighth and ninth order sets of
equations of condition. The number of equations given in Tables 4 and 5

do not always agree with the number of equations expected for the higher

orders since the SYMBAL program generates some identical equations for the

higher orders.



Table 4.

Results from Shanks' Method

18

CDC 6600
Order Storage Reqd. | Run Time - No. of New Egs.
4 77oooé 1.4 sec. 4
5 770008 : 3.8 sec. g
6 770008 - 12.0 sec. 20
7 1500008 75.5 sec. ug
8 2200008 Not Compiled 117
Table 5.
Results from Revised Shanks' Method
CDC 6600 No\ of New Egs.
Order Storage Reqd. Run Time Orig\\ Reduced
\
8 770008 12.0 sec. 117 8
9 120000,  70.0 sec. 297




CHAPTER IV

CALCULATION AND COMPARISON OF LOCAL TRUNCATION
ERROR COEFFICIENTS

4.1 Description of the Computétional Procedure

As a means of comparing sets of coefficients for Runge-Kutta methods
of a given order, the coefficients of the local truncation error terms can
be evaluated. From the development of the equations of condition, it is
observed that these equatigns arise as multiplicative factors of the par-
tial derivatives that apbeér in the expansions of the éolu&ions y(xO + h)
and Y(x), as given in Cﬁapter II. TFor these two solutions to agree through
some order m, the equations of condition arising from comparing terms in h
up through order m must be satisfied exactly. The leading term of the
truncation error consisté of the partial derivativeé multiplied by numer-
ical factors. These factors are simply the equations of condition that
arise from the hm+l terms in the expansions, and are explicit functions of
the coefficients of the mth order Runge-Kutta method. More explicitly,
these truncation error terms are of the form

TE(i)[...]ihm+l ,
where TE(1) represehts the truncation error coefficient and ["']i represents
the partial derivatives which are multiplied by that particular TE(i). The
index i numbers the distinct terms in the hm+l portion of the expansion.
By evaluating these multiplication factors, or truncation error coefficients,
and by comparing the results with those obtained from using other sets of
Runge-Kutta coefficients for the same order method, an "optimum" set of
coefficients for use with a given order Runge-Kutta method can be deter-

mined by determining the set that has the lowest values for these trunca-

tion error coefficients.

19
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The equations of condition were generated in complete form fér
orders four through seven. These equations were used to produce the
truncation error coefficients for the third through the sixth order methods.
For the eighth and ninth order methods, it was necessary to generate re-
duced sets of equations of condition, and these were then used to obtain
the truncation error coefficients for the seventh and eighth order methods.

The truncation error coefficients for several sets of Runge-Kutta
coefficients are given for methods of order three through methods of order
eight in Table 7 through Table 12 in the next section.

4.2 Comparison of Truncation Error Coefficients

Several sets of Rﬁnge—Kutta coefficients for methods of order
three through eight were used in.this comparison., These coefficients are
given in Appendix II for reference. Several points concerning notation
should be emphasized for these sets of coefficients. The Fehlberg?®s ©
methods are given as "Fehiberg m(m + 1)" where m is the order of the method,
with a solution of order m + 1 also being calculated to use with an auto-
matic step-size control. The difference in the two solutions is used as
an.estimate of the truncation error made during that step. The new step-
size is then based on this error and the desired accuracy. When this step-
size control is used, the Fehlberg mefhods require extra function evalu-
ations to produce the solution to both orders. The advantage of the auto-
matic step-size, however, makes these methods desirable, especially if the
system of differential equations is such that a rapidly varying step-size
is required. Since these methods can be used to give a solution of order
m or of order m + 1, they are shown in the comparisons for both orders.

Table 6 shows the Fehlberg methods with the number of function evaluations
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required for each order solution with aund without the automatic step-size
control.

The notation for the Butcher? and Shanks!® methods are of the
form "Shanks (m - n)" where m denotes the order of the method, and n de-
notes the number of function evaluations required per step. It should be
noted also that some of:these methods by Butcher and Shanks are only ap-
proximately of order m. They were developed such that the number of func-
tion evaluations used is less than that normally needed for a true mth
order method. For this reason the Shanks (6-6) is compared as both a
fifth and a sixth order method, and the Shanks (7-7) is compared as both
a sixth and a seventh ordef method. Methods which are approximations of
this type are denoted with an asterisk in the tables.

A large number of fifth order methods fall within a family of
methods known as the Newton-Cotes Family. Only three of these forms are
given although several others exist. The "UT" coefficients! are sets of
coefficients developed at The University of Texas at Austin along the
Fehlberg 4(5) format so they appear in both the fourth and fifth order
comparisons. |

The truncation error coefficients are denoted by TE(i) and are
given in Table 7 through Table 12 for the third through eighth order
methods. The first row in each table gives the number of function eval-

uations required (F.E.R.) per step for each set of coefficients.



Table 6.

Function Evaluations Required

for the Fehlberg Methods

Method

Order
of Sclution

No. of Function Evaluations Reqd.

With Step-Size Control

Without Step-Size Control

Fehlberg 4(5)

Fehlberg 4(5)

Fehlberg 5(6)

Fehlberg 5(86)
Fehlberg 6(7)
Fehlberg 6(7)
Fehlberg 7(8)
Fehlberg 7(8)

Fehlberg 8(9)

10

10

13

13

17

10

11

13

15




Fefe

TE (
TE(
TE(
TE(

R

1)
2)
3)
4)

COMPARISON OF THIRD ORNER METHODS -

FERLRERG 3(4)
4

Zin2339
.N1n2339
DLOnANDGY
.N26318

TABLE 7

CLasSIcal
3

0.000000C
« 083333
Ce.00U00D
250000

KALSTON aPTIMM

R

«NENnR3I3
04000000
0,000000

250000

HEUN
3

LN27777
027777
.083333
250000

NYSTROM
3

027777
0277717
« 083333
«250000

€¢C



TABLF 8
COMPARTISCN OF FOURTH ORDER METHODS

FEHLRERG 3(4) FEFLBERG 4(S)=1 FEHLRFRG 4(5)=2 CLASSICAL

FOECQ. S S g 4

TE( 1) © .NN0NZ249 « 0000587 000020 ,000347
10 2) .011498 s 000347 .000120 .002083
TEC 3) .N01388 «000231 »0000R0 - ,002083
TEC 4) NN5774 « 002083 001282 .008333
TE( 5) L(100999 .0n0231 «0000RD .001388
TEC 6} .012937 «000694 000240 ,004166
TEC T7) L1358 «0NU231 «00nNRO 002083
TE( B) NNBT74 « 602083 2001282 .008333

TE( 9) SN0 T4g ‘ +000173 «006nna0 006250

he



TAagLE n CONT,

COMPARISECN OF FOIIRTH ORDEK METHADS

KUnTZMANN QPT, KUTTaA SARAFYAN ur 1

FeEaRe 4 4 4 ]

TE( 1) 000277 000154 0007 0,000000
TEC 2) 0.000000 «0n13R8 002083 .000001
TE( 3) o.nn0000 «NN139R .00720R3 0,000000
TEC &) L6NB333 *0NE333 «N0R333 .000006
TE( 5) 001111 000617 «N0]12RA 0,000000
TE( &) 0.N00000 002777 2004166 000001
TEC 7) 0.000000 eIN1381 «N020R3 0,000000
TE( 8) .0NR333 .0N8333 008333 000006
TE( 9) .Nn34509 «0NETT7 +001041 0.000000

14



COMPARISON CF FQUKRTH QRLER

aT 2
5

.0N00183

001103
.N00135

LOPYTTAR:

LN00735
«NN2206
«NN0735
LOPTTAT
NHLLS]

- TABLE 8 ConT,

(Y 3
5

«000200
« 001204
« 000802
e00N1668
«00UB03
e 0N2409
«00U803
«0N16387
+00U602

METHCNS

SHANKS (4=4)
4

2000006
0.000000
008125
.008333
000027
04000000
«00R125
.00R323
«00A020

9¢



TABLE 93

CCMPAKISON UF FIFTH APNER METHONE&

FERLAFUG 4 (S)=1 FEFLBERG 4(S)=2 FEHLRERGS (6) SARAFYAN SHAMKS (5=5¥*

F.E-Ro 6 3} Fa 6 5

NN 0r1157 +002443 0,000000 .001111 000416
TEC 2) 001157 e0N24R] 0.008000 .001111 000416
TEC 3) LN11157 e NN24R7 0.000000 .005833 004156
e 4 06250 014743 0,000000 015000 .0064156
TEC 5) .N0185] v 005648 « 000740 .010000 0013333
TE( &) .N0187") «0ND44A 000740 .010000 .013333
recn -00185] $00244R 04000000 .023333 033303
fEC 8) N1666A «N37179 .01{111 .076666 033333
TE( 9 001157 «0NC4HT 1 0.000000 "L.001111 000416
TE(LD) W N06944 «01l217 0.000000 L 027777 « 002083
TE(1) Nn6944 011217 0,000000 027777 « 002083
TE(L2) .N06944 nl1l217 0.000n00 .020833 020805
TE(Ld) «N20833 e 054487 0000000 .125000 « 020835
TE (L4 013888 $ 022435 .003703 .0R3333 066666
TE(15) .n13888 « 022435 «003703 .0"3333 « 066666
TE(16) .n13es8 e 022435 0,000000 ,083333 166611
TE(LT) «Nal6n6 0108974 «NBERRSY 416666 e 166466
TE (1R) 006944 011217 0000000 027777 L0020K3
TE(L9) LNN1157 «0024R3 0.000000 .005833 L0N4156
T (2 006250 $ 014743 0,000000 .015000 L0N4166

- LC



FeEoHoe

TEC 1)
TEC 2)
TE( 3)
TE( &)
TE( 5)
TE( 6)
TEC 7)
[E( B)
TE( 9)
TE(LQ)
TE(LLD)
TF(12)
TFE(13)
TE(14)

TE(1S)

TE(l6e)
TE(L7)Y
TE(18)
TE(19)
TE(20)

Ko TCHE R
&

L0011
Ln111
LNn3333
.003333
«NNHBAKA
NrHBAA
«N13333
«N033333

001111
~NNS555
«ONB55Y
«N16666
e N16666
«N33333
»N"33333
NARBAGAH
. 106666
L N08555
.0N3333
Lhn33373

1

TABLE 9 CCwnT,

CCMPAKISON UF FIFTH nPPER METHONS

BUTCHER 2
)

00111
001111
«0N3333
«NN3333
«0006AA
2« 0N66A/A
053333
«03337373
00111
D ERLY
e N0D55%
«N166kA
o N1666&4
e0N333313
e033333
e 266666
e ]666K/6
« (09555
» 003333
«0N3333

LAWSON
'Y

Ne000000
0.00n000
003445
« 002404
0041646
0046166
2002083
+ 014583
0.000000
0.000000
0.000000
«01R279
«013020
«N2nR233
«020833
0016416
010416
0,000000
003645
002404

NEWTON ~COTES FaMrLY

) UTHER
6

0.000000
0.000000
L00R333
016666
. 004166
.004166
.008333
.004166
N.000000
.010416
010416
«020833
.010416
.041666
,041666
«333333
. 041666
010416
»,008333
016666

AUTCHER
A

0000000
De0ONANQD0
«N0N260
001041
cNN41AE
e 004166
«0N2NK3
«0NG& 166
0.000000
0.000000
“0.000N000
2001302
0057208
« 020433
W 020433
010416
« 020833
0.C00D00
2000260
001041

8¢



FeEoRae

TE(C 1)
TEC 2)
TE( 3)
TE( 4)
TE( S)
TE( &)
TEC T)
TE( H)
TE( 9)
TE(10)
TE(1])
TE(12)
TE(13)
TE(14)
TE(1S)
TE(L16)
TE(L17)
TE (18)
TE(l9)
TE(29)

NYSTROM
6

JNNR22P2

«0N2227
.nnllll
0N6E6EK
006666
~Nnb666H
0.0n0000
.N33333
LNN2222
«N16666
.N16664

0.0N0000

L.NA3333
.N33333
»N23333
0.000000
«VABHHA
146666
«0n]1111
NrBELA

SHANKS (A=5h)

6

«QN0222
«NN0227
«0000R3
04000000
0e000000
0000000
aNN0G227
0.000000
000227
00111
0001111
eN004 1A
8e.0n00nN
0.000000
Cs000000
001111
0.,000000
001111
«0N0ORJ
0.000000

TABLE 9 CCwur,

ur
I3

003307
2003309
.003308
« 014408
N0hk44
WO0RARGG
«N0AK44
.0133873
003310
N1R412
01h412
«016412
«082078
« 0372239
037840
.N372R39
e164173
«01h411
«003209
s 114409

CCMPARISON UF FIFTH NRNPER METHORS

T 2
6

000624
.000624
000624
.007175
005665
. 005664
«0NS664
.02495%8
.000624
,007907
.007907
.007907
.009356
.015815
.015815

,015815

L01R713
.007906
000624
007175

vy 3
)

oNN1244
001244
«N01244
«N025%9
eN01599
001699
«001599
.006788
W001245
2008195
«0NR195
«0031685
NORA22
«0161393
016393
« 11161393
o N3A957
s 0NH195
006226
102559

6¢
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TARLE 10
COMPARISAN (OF SIXTr CROFER METHUDS
FEKL3ERG 5(6)

FEHLRERAG 6(7) RUTCHFR (6=T7)

FeFoliy 8 ] 7

TEC 1) LNN4G2 0000000 N,000000
TF( 2) 000407 04000000 070820
TE( 3) 00472 0.000000 « 070820
TE( o) LMN1%87 0.000000 «150000
TE(C 5) .NN010% 0.000000 JDE2400
TEC &) L0N01¢5 0.000000 «2651R0
TEC T NNNE3G 0.000000 «2681R9
TE( &) eN11746 0.000000 3,324R734
TEC 9) LNN04G2 0.000000 1,133327
TE(LD) LNO1NYHS «000450 e N540n735
TE(11) «N01005 « 000450 A4 4AAG
16 (12) .0Nn119n « 000450 Y VYY)
TE(13) .NNn3G68 «N00450 3,61A 154
TF(14) .NN1S87 «011033 «3931R7
TF(19) «N1587 +011033 2e93A0RT
TE(16) . 001587 « 0N9095 2.93A0A7
TE(LT) .NN1587 +003279 3.111/07
TE(18) .001005 000450 6.304039
TJECLS)Y LNN047? 0.000000 1.133327
TE(20) 001887 0+000000 841666
TE(21) 002412 0.000000 .N41072
TE(22) .NN2412 0000000 «4ERTTSH
1E(23) NN2KEST 0.000000 «B6RAQTH
TF(24) 019523 C.000000 3,637962
TE(25) L0006 0000000 0413732
TE(26) .NN0634 0.000000 2.9956793
TE(2T) .N03Ra9 0.000000 2.,956793
TE (2R) LNT704T 6 0.000000 3,1597225
TE(Z9) LAN24Y? 0000000 HR4T1OTH
TF(30) LNNENT) 002705 s 327738
TE(3]) ,n6en3 « 0027058 2237974
1E(372) LONTLG? e 002705 2.237774
1F{33) .N238n4Q «N02705% 2.497519
TE(34) .Nr9523 0662073 1.931366
1E(3%) «Nn9523 « 066203 2.041005
TF(36) L0r9%273 e N54571 2,041005
TE(3T) .rnBs23 19677 2.02?72023
TF (38) .An693] « 002705 30.831620
TE(39) .nn2857 0000000 6,841075
TF (45) .nN9523 0.000000 9,587062
TF (41 .n00105 C+000000 1,027839
TH(42) .NNn010S 0.,000000 1.209434
TF (43) ~NN0E34 0.000000 1,200434
TE(44) .N11746 0.000000 4,835045
TE(45) .NO04n2 0.00n0000 17.070820
[E(46) .NN0OBNY 0.000000 1.133327
TE(4T) «N0SBGS ¢.000000 «B41,A6
TE(48) .N05809 0.000000 R4 ARG
TFE (49) 69142 0+000000 235,2077n00



FOE.F’.

TE(C 1)
F{ 2)
TR 3
TF( &)
TE( 9)
1F( &)
IECT)
TE( 8)
[E( 9)
TeE(lny
TEA(]1])
TE(12)
TF(13)
TE(14)
TE(}1S)
TE(le)
TF(1T)
TE(18)
TF(lg)y
TE(20)
TE(21)
1F(22)
TE(£3)
TE(Z4)
TF {5y
TE (k)
TE(27)
TE (2
TE(29)
TE(30)
TE(31)
TE(32)
TE(33)
TE(34)
TE(35)
TE(36)
TE(3T)
TE(34H)
TE(39)
TE (40
TE(41)
TE(42)
TE (43)
TE (44)
TE (45)
TF (46)
TE(47)
TE(43)
TF (49)

TARILE

BUTCHER (6=8)

8

LN0066]
.nﬂﬂbﬁl
.NN1%87
«.NN4385
000264
NN0264
LON1IBRTY
NNT7142
N0N6K]
001653
«NN1ES3
«NN3968
«N106912
LNNS5261
«H0%29)
.N23809
.N79365
.AN1E57
LON15HT
LNNG365
LNN3948
NNn394R
.AnG5213
LN26190
ZSONTHET
LO01ORT
«N1195 23
LTA2857
L.NN3984K
LEEER
.NNBG{2N
L.N2383G09
65474
031746
L.N31 746
142857
476190
.NQQJ 20
LNNQY5273
«N2619p
000264
ON0254
.001587
.N00432
NN64GT
.NC64G3
.N39n69

e

CONTo

COUMPARISON OF SIXTHk CRPFR METHUDS

SHANKS (R=p)®

()

«00U639
« 000639
«J0UGT
«000698
v0N3746
0003746
2006783
e 007301
«000637
« 0006364
« 000649
« 000584
«0Nn1l2n9
012624
«e012697
e 022432
023823
«00L649
« 000469
e 000690
e 02BN
$0NES N
«00333D
e 004199
s 022478
e 022478
42031
2 N638NQ
« 302501
10887
2002887
+0N5892
eO0NTY4?
076197
« 376190
e141199
0142887
«N0EBST
» 003330
« 004190
eN03746
003746
« 00067817
« 007301
« 000639
e010800
«N13190
eNN13190
«016190n

31

SHARNKS (7=7)

7

0000373
« 000033
« 000459
+000208
«002185
«002155
«003RRKR3
+003068
«000033
.000407
«000466
000022
«000296
e000661
«00nA61
«001818
«0015857
o0004°6
« 000459
.000208
0009196
.000)9R
uOO‘QQZ
«000203

e 012935

«012930
0023299
«023809
«000198
002075
002976
«00R1R4
«007n0NR
« 003968
+ 003948
«01lne)2
009344
002076
0010097
«000203
« 002155
«002155
«0032R3
e 03968
«000033
«N00RK2
«00nAN2
000602
«00n2R]



TABLE 11

COMPARISON CF SEVENTH NRDER METhRNANG

FERLRENG 6/(T)
10

000025
«NND45)
«£N00077
0000000
«NON1ARD
~.Nn3156
«0n0S4)
0.000000

FEHLBRE <G 7(8)

1

0.000000
0000000
«N000KA
¢« 000551
0«000000n
0e0000N9
«0004A2
«0N3K8SA

SHANKS (T=7y%

7

0000115
«002515
«001391
«004A29
«00N578
eN14113R
«011111
011574

SHANKS (7=2)

I

0.000000
000055
«.000183
.000110

1,000000
.000385
.001286
000771

¢e



TARLFE 17

COMPARISON OF EIGHTH ORDER METHODg

FEHLWERG 7(8) FEFLREKG R(9) SHANKS (R=]10)% SHANKS (B=12) CURTTS

FoFoide 13 15 10 12 11

TEC 1) 000025 0000000 «000025 .000025 «000227
TEC 2) LN00NGT «000001 «001492 .000029 000344
TEC 3) «0N00RA « 000001 001420 .000029 000057
TE( &) $NN0211 «000001 «000492 .000289 «001762
TE( 5) LP0009G 0s000000 $000154 .000090 2000100
TEC 6) 000166 2000001 «N031R2 .000102 000079
TEC T) «NNONTT «00000? «0003Nn8 .000308 «000196
TEL ®) N0118R9 « 000539 « 005208 002642 «O0NNRNE
TEC 9) < 000205 « 000001 «000205 .000205 000228
TE(L) .0n0379 « 000002 005327 .000235 002748
TE(L]) .000705 «000002 e0172062 .000264 000451
TE(L2) 001690 00000172 e 003643 002316 014116
TE(13) 000720 «0N0007 «001734 .000720 s0NO790
TE(1l4) .Nn1328 000006 «0177219 .000R23 «N0NASGK
TE(19) L000617 + 000018 000247 002469 0Nn159%6
TE(L6) 009516 + 004406 <N41R64 021141 006500

e



CHAPTER V

CONCLUSIONS AND RECOMMENDATIONS

5.1 Conclusions from the Comparison of the Truncation Error
Coefficient

In Chapter IV it was stated that the "optimum" set of coefficients
for a Runge-Kutta method of a particular order could be established by
determining the set of Runge-Kutta coefficients with the lowest values for
the truncation error coefficients. Although this is the dominant factor
in comparing various sets of Runge-Kutta coefficients, the reader should
also bear in mind the number of function evaluations required by each set
of coefficients. It was shown in Table 6 that the Fehlberg coefficients
require more function evaluations for the mth order method when the auto-
matic step-size control is used. The disadvantage of more function evalu-
ations is usually offset by an efficient choice of step-size, which in turn
reduces the number of steps fequired. Several of the Shanks and Butcher
methods minimize the number of function evaluations but do not incorporate
a step-size control. For a rapidly varying function, a poor choice of
step-size with these methods could result in many more steps being taken
than necessary, and the resulting total number of function evaluations
being correspondingly large.

Since the system of differential equations to be solved determines
the complexity of the function evaluations and the step-size that can be
taken, the matter of choosing the best set of Runge—Kutfa coefficients be-
comes problem dependent. For this reason no absolute optimum set of co-
efficients can be given. If, however, certain classes of differential
equations are considered, some conclusions can be drawn from the comparison

made in Chapter IV.

34
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Three types of systems of differential equations will be con-
Sidered:. (1) systems with rapidly varying functions; (2) systems with
siowly varying functions; and (3) systems requiring complicated function
evaluations. For systems of differential equations with rapidly varying
functions, it is desirable and necessary to incorporate some type of
variable step control; Efficient'determination and correction of the
step-size is essential if fhe method is to progress efficiently to a
solution. The sets of Runge-Kutta coefficients recommended for each order
method for a system of differential equations with rapidly varying func-
tions are given in Table 13. If, on the other hand, the system of dif-
ferential equations has only slowly.varying functions, an automatic step-
size control is not a necessity. The recommendations for problems of this
type are given in Table 14. Finally, if the system of differential equa-
tions is such that the function evaluations become quite complicated, a
method which minimizes the‘number of function evaluations while still
producing small truncation errors is required. Table 15 gives the sets

of coefficients recommended for this type of problem.



Table 13.

Recommendations for Rapidly Varying Functions

No. of Function Evaluations

Order Recommended Method Reqd. with Step-Size Control

3 Fehlberg 3(4) 5

4 uT 1 6

5 Fehlberg 5(6) 8

6 Fehlberg 6(7) 10

7 Fehlberg 6(7) 10

8 Fehlberg 8(9) 17

Table 1u4.
Recommendations for Slowly Varying Functions
Number of Function Evaluations

Order Recommended Method Required

3 Fehlberg 3(4) 4

Y UT 1 5

5 Fehlberg 5(6) 6

6 Shanks (7-7) 7

7 Fehlberg 6(7) 10

8 Fehlberg 7(8) 13




Table 1h.

37

Recommendations for Complicated Function Evaluations

Number of Function Evaluations

Order Recommended Method "Required
3 Ralston Optimum 3
4 Kuntzmann Optimum 4
5 Shanks (5-5) 5
6 Shanks (6-6) 6
7 Shanks (7-9) 9
8 Curtis 11




5.2 Topics for Future Study

With the availability of the equations of condition, it is pos-
sible to attempt to produce explicit Runge-Kutta methods of the ninth,
tenth, and even possibly higher orders. However, the solution of the equa-
tions of condition for these high order methods will be very difficult.

It is hoped that a computer process can be developed to solve these ex-
tremely large systems of nonlinear algebraic equations. Aside from
producing new methods, the equations of condition can be used to improve
the lower order methods. The UT 1 coefficients were successfully developed

revicusly to optimize the fourth order Runge-Kutta method. If a computer

0w

process is developed to solve these equations of condition, then some form
of optimizing process can be used to produce similar sets of coefficients

for the higher order methods.
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Original SYMBAL Program

SYMBAL VERSION 1.1E
START PROGRAM
.QQ“0.QIGQ.GOOO.D0.0Q.Q......
EQUATIONS OF COMDITION FOR RUNGE KUTTA METHOD
3BEGINZ
ENEWE DXoDYsYNL1oYN24TSeZZyCCEF}
DyMp 1= S}
[ ] ’q 4%
P 1= 3y
MODE[4) := My
F 12 a0t ZFORZ 1 i 01M=1 2002 #0IM=1-11sei
TS t® ZFORET [ tw OtM=1 SSUME SFOAS 4 13 OtM-l-7 ZSUME
HeDX+1eDYaUsF (1,J1/FACT(I) /FACT ()
A lm #) P4y _
K 1z #03Hep(0,0),P1e}
B ts » SFOR: 1 3= 131P 200z w01l-l;evg
SFORE 1 4% 11P 00z ZREGINZ
S ts SFORE J t= 03]-1 SSUMZ BlI.glen(y)}
S Nxta(IleH,Dyis s 1St

ZENDSS
C la #ptPlyg
YN] 13 ZFORS 1 ta 0tp ZSUMZ
Z t1g #F(0,03,M148
YN2 tm H®ZL1le( ZFORE 1 1= 2im
ZFORE J ta 011-2 zSyMs zFCRZ
(FEUs1aN)+F[00018F(JsNel 1) ®
ZZ 1= SPLIT POWERS (YNZ=YNloh)?

clrrexcil?

N 1z 01lado2 Zsymz
202 F(JsNY S 2{1-10))y

SFORE 1 te 1tM DOz SFORZ J ts 0171 zDOZ
2z11) ts 253 FLuynDIQeFTJeND 8 2701 )4
ZFPRZ 1 Is lim SDOS EBEGIANS
T ta SPLIT POWERS (ZZ211146)3 _ -
SFORE J 13 1:HPBOUND(T) =LOZ SBRGIN=
. COEF 1= T(=Jl}
. Tey) 1= Teuns
. SENDZ}
. ZENDE?
. SENDzy

TOTAL SPACE AyATLARLE
EXECUTE PROGRaAM

ZSUME HPI/FACTIT)#(Z(T) tm

APPENDIX I

13714769
a 0

ZFORZ N 13 01ledal =00

I R EREEEE I I I B A I A A RIS B R I R Y

0122778

LT

04662

e % 8 8 0 a0

L A I IR I IR A )

Revision 1

SYMUAL VYFRSTAY 1,17
STH~T PLAGE AL ne
e ¢ o & o0 @

« TRE EQUATICAS nF ConneTIn. FCu VOGFrFRALT RN GF -k TTA e TH Y
. FOR aNY OR7ES RULIGE w TTA B imngla Fr< ANTNNeMAIIS SYSTF »
LEFERTRE ’
- SAEWT NX Yy YNV V2 T 4 /2. CREFS
V¥ 3= at
. P oz Ay
- MO oo
. TuyLoP cFRIES CREres = .'

[ afNivaly

TS 22 ZFONZ [:i= £lae)] Z5UMZ WohYatTeF([1/FarTitrs
COMPUTATIAN Cb Thf Tovi0F SFRLES FOT The K:
K i3 mQiraF(njskres
B tm LIFOR: Y:2 1:0 zp0z

DS E3 RIFE |

ZFORS {1z 11p 30AS zZufGl®

< t8 SFFAZ Jia ngTal ZoMZ Brv,J )eK( jy:
K{1y 3 282 NY!S § v ;
SFN~ZS

FINGL RiNGE Ko TTae SoMeer TTON:
C i3 L0iPte}

YAL t2 ZFCRZ | la NgP ZSU~I CC1)ewrl)i
FAN E RETE 0 FY EFY!
YN? t= F®2{1) & (ZFnAg3 12 218 ZeiMI HAI/FACT (7)o (211) tx

SFORZ U3 Gi1=2 2003 (FUQJeF( ¢ 1) e3nzF

2 : IRZFEUY & 70T=10))18
CIFFEREMCE OF vrt AND VAZ SFT 10 7E2n YTELFPS FOI'aTTANS: "
Z7 12 SFLIT POMERS{VAZeY"1]yk}g
SFrAT [:3 1M Z0NS IFCR: | 1=

« 220104 .
SEeavatrn, oF EQUATTQ.Q ACCHRCILC To PROUUCTS AF NIFFFIFGT F g1

DiMp o &y

0:T=1 ZUOS 77¢ 1)

SEARE 1 iz giw IN03 ZPEGIAZE
T i3 SPLIT PawepStZZl1)e0) 3
ZFNRS J 1a L1UBARUND(T) SDOS zREGINZ
CCEF = T(-)t - i
TE 1 t=2 70 1
SENCE;
FENRZS

TOTAL SPACF avArtLaalLF
FXECUTE PRAGRDAM Ce

t3/164/767)

fe n

MR L 06 0B 8 p 00 v b b oo 6 O g

iz ISz FLUYTQer[ )

LA L A S A S IR I R 2 NN I
n212778

renb?

®

Ge o o ® 02 4 2 20 s e s 0 e e e 0L G a0 e ae s ee ss s s e s s s

ot



Revision 2

SYMoAL VERSION 1.1F 13714769
START PROGRAu fe 0, 0
® & D b o o @ 0 0 0 O 0 R O g B oD 0 & 8 SRS g 0B E s Re B
THE FCUATIONS OF COADJTION FOR 8 GENERAL KUNGE=KUTTA MFTHOD
ZBEGINE
ENFWS DX DYe YN19 YN2y TSe 224 CONEFY

vMiegy Pi35)
MODF{4) 1= wv=11
MONFLS) ts 04 MOUE(1) 1z M3

F 15 #0iM=114i
D t= # 1iv-] 1 ¥}
G 1z @ 1iIM=l:ield
TS te ZFORZ T t2 |1M=] ZSLMZ me([)®F{1)/FACT (1)}
TS ts HOF{Q)eTS}

COMPUTATTON OF TwE TAYLOR SERIES FOK THE X1

K ta #OtHOF(Q) P14}

B 1a *ZFORE [te 11P 3D0OZ AQi]elleed

EFORE 1t® 11p EDOZ ZBEGINS

.. MODE[A]) = ¥-21
6(1) 1% SFORE U 1= 01I=1 ZSUMZ ul],ulexlyly
SFORE N ta 2:1m-] SD0Z ZREGINZ MNDE(4) tm M-A.l}
O(N) 1= G{])®) §
MODE(4) 1= ¥a20

GINY 18 GINI+N §
SENDE
MODEL4) i mal¥

K(IY ts 385 0{1116{1) + Niz}

plald

e e e o s @

« D(3)36[IT

6(2J)
18 15y

411604
SENpEY

FINAL RUNGE KUTTA SUMMATION:
C i1s 20tPts} R _
YN1 is SFQRZ 1 1= oiP 3suv: Clplex(y)s

2 1w #F{0)oMied _

YN2 te n®201) o (ZFQRE [ 1= 21M ZSUMZ HATI/FACT(II®(2L]) i=
SFORE Jim 011=2 SSUMS (FLOY*F{Je1))®=02F (YY) & 20111001

+ZENDZ

R R R R EEE NI I IA A S Y BRI BRI N A I AR
TOTAL SPACE AvAILARLE 0122778
EXECUTE PROGRAM 0e 0,616

Th



Shanks' Method with
Fifth Order Output

SYMBAL VERSION 1,1F 13/16/69)
START PROGRAM fe 0o O . DumMP a5y
L K BT SR I IR AR R R A R A I I I I I N O R S A I I I ) - 0 12 1/(kely) o x
ZBEGINE . . DUMP 1= o 4
OUMP 1% o § . - . ENPE 3
MOpELL) 12 0 ¥ R . NDE G
HinSt .+ _ZEwnz g
NieS53 . . ZENCEY
L".."ll'1'2"'9'20‘“9'117’297'7‘6.1°x*‘ . * 00 0 8 00 0 o0 ® "o 0D g O B e g0 o8 on o # o 0 0 & 0 % 8 & & 0 o
AtaeltNivt . TOTAL SPACE AyAILARLE 02131588
CisplgNtel . FXECUTE PROGRAM fs 0,955
B1as3FORS [te 1IN ZDOZ woll=11eey . Y ts 172 = crlieagl) - cr2)ea2) - cU(3)1#al3) - cro)ea(s)
QisrXFORZE K = liMal 2003 . - Cisledrsyy
#SFORS T s 14N 2n0OZ . fe 2. 29
PriLiklieeay . 0 18 1/3 2 CL1)®AL1)+2 = CL2)®ALP)42 = C[3)0A[3)+2 = CL4)0A[4]42
. v Clglaglclep;
COMPUTE THE VALUES OF THE € S . 0. 2, 75
. Y ta 1/3 - 24R[2,1)%C(7)eAL1] = 24C(3)0(RLI,110A01]
ZFORE [taliN ZD0Z QLlsTsl) 1 AL} . * B03+2)%A12)) = 20C[4)%(A[44115A()] * Rr4,21%4(2)
EFoR: Kis21Ma) =00z . * Bl4y3)@ar3)) = 2eC(S)I®(R(S41)0A(1) ¢ R[5,2]#A[2)
ZREGINE . ¢ BlS+3)04(3) ¢ RI{S,4)A[4))
SFORE Iteiin ZpOZ ZREGINS . §e 20129
ZFORE TisltL(Kal) SDOZ ZBEGINZ . 0 t® 174 =~ C(1)#A01)43 = C[2)%A[2)43 = C[310A[3)43 = C(4)0A[4]%3
QIKYIIT) tx ALTI®GIk=lolsT} . - clglealslesy
QfKsloToL(kel)) 32 K®(SFORZ Jtaljlel . Ay PL1T4
SSUME (B T.J1®Q[R=1,4JyT)) )} . 0 ts 174 = 2eg[2e139C(2)0a01)A02) = 2¢C(3)0a[312(B{Is1)oall)
SENDS . ¢ BL3,2)04(2)) - 20C{4)®Ar4T0(Bay)]08()] o Bl4,2]%A(5]
ZIFT K&4 ITHENEZ ZGOTOZ CUITY ¢ Bl4,3)ea(3)) - 2eC(5)%ar51e(B{5y]1)04(]1) o B[5,2)%A(?)
Piel.(Ke3)3 Ute2el{K=1]1 * Bl5+3)8A03) ¢ AISsa)%A(4))yg
ZFORZ TysbeprUsl[Km2)=L{K=3) 200Z ZBEGINZ e 20229
reanal) 0 1s  1/4 = 3@A(2+11%C(2)%A(1)ec = 3eC{3)e(R(3,))0A0]1]+2
QLKeToT)1a2#(ZFORS Jialtl=l SSUMZ BlI+J1%A041y e 80302)0802)42) = 30Clele(Blay1loal))2p o Rlayplealpien
*QIK=2,1+R)}

o 8l443304(3)42) - 30C[5)e(H(S,]1)0A[])42 , A[S,2]ea[p142
EENDZY ¢ BlS931%a[(3)42 ¢ R(Sr4)ea(a142)}
SIFE K6 STHEME S60TOZ QuIT!
=Fors visli2 =00z ZBEGIN:
RISL(K=6)3 UIST=1}
EFORE Tiaye] 1 Usl{KaI)oL(K=4)=L[K=5)e_ [K=6)

ne 2+2R87
[ te  1/4 = 6eR[342)9B(24119C(I)%AL]1] =~ 36C(4)0(2%B[442]1%B72,1)
aplll o ?oq(g,glo(atg.lluAlll o 8l3,2)0ar5))
- 38C{5)0(20815,210H(241104A(1) o 20B[5,375(R(3,]1)eA011

_SDOZ ZBEGINEZ e Bl3,2)08(2)) o 263(5,4)18(B[4,1}0AL7) + Qr4,2)04(2)
RisR+l} ¢ Hl4s3year3}) .
OlKsIoT) w30 (ZFORT Jimli]e] ZSSUMS ne 24343
BLToJI00(2,JsV]) QLK I4R]Y o ta 1/5 = Cr1)e11)44 = CL2704(2104 ~ C(3]0ArT104 = C(b)0A[6]04
EENDZ ¢ 3ENDE § - Clgleata)sey
SIFS K<B ETHENZ ZGOTOEZ QUITH A, 2,391
SFORS vis 134 =00z ZBEGIANZ. 0 1s 1/5 = ZOBIZvll'C(210A511~A(2)f2 = 20C(3)earI)e2e (B[, 110A(])
Rial (K=5)3 UiaT=ll N « wlasplesialy - zoc!g *alalezeqdlyyydoal )V o Rlgy2)0,03)
SFORS Tia yel 1 UeL{Kedlol[Ke5)al(KebIol{KaT) + Bl4,3)0413)) - 2sC(

198150420 (BIS,1)eAL1) + H[S42)0402)

=00z ZBEGINZ + B{5,3)8A[3) o BIS,4)ahAral)s

RioRel} ) ne 24487
OlxelrT)imbe (ZFORE Jtalil=1 ZSumz Y 13 1/5 = 3eB[291)°C{2)8A(1)220A[2] ~ 3eC[31aar3]#(A{3,110A0]]42
BL1yJ1®0C4,JeV))aQ[Kate 4RI

« 8l392)0al2)e2) = 30Clalealala(ule,1)oal[1e2 o Ala,2)0alpTen

SEND3 § ZEND: ¢ B(4,3)0213)42) - 30C(5)1wA[5)6(B[5,1)eA[1)42 & B[5,2104[2)47

GUITS + B(S5e310873)e2 ¢ R{Ss4]eAl6)a2)}
genns § ne 2567
. BENDE § 0 im 1/5 = 6eR{3,2)%H[2,1)0C3)@AL])0A[3] - 30Cr4)0a[6])8 (20R[4,42]
2FORE K I= ) iMe] ZDOZ SBEGINS

*R2y10eal)) o 208la,31e(Rl3,1lealy]1 s gla,nlealn)))

= 39%C(S]e8(5)n(2eB(5,2)9R[2,11%A01) + 28R[5,3)0(B{3,110A[])
¢ 803.210402)) ¢ 20B(5,4)0(Br4,1)%A01] ¢ Rr44,214A[2]

* 8l493)%803)0013

ZFORE T 4a l1 (K] ZDOZ SBEGINZ
Dywp t= 0 3
ZBEGINZ _ .
X 3s EFORE I ta 1IN SSUMS clI)e(QIK,I4T)) 4

) Ne 24606
0 12 1/5 = 4oF[24119C(210A[1}43 ~ 4eC{3)%(R[3,170A0]]e3

® s e 0 0o 0 0 o

Zh



e Bl3,2)8A02)423)
¢ Blav3)ea(3)e3)

- 68C(4)10(H[ay1)®A01)03 & R[G4y2)®A[2143
~ 4%C(S)1#(H[S+]1)1%A01)23 + R{Ss2)%8(2)43

¢ HBI5+3)%A[3]e3 * BlSeadeals)a)y

fe 24665

1/5 = BoR[342)%H[29119C[3)0A[11PA[2] =~ 4er[s)e(294(4,2)
ogl2y1leatyleal2) o 208(4,3)0al3le(al3,)10al)
s B03,2188(21)) « 4eC(S)u(20R(5,210B(2,1)war1)0A(2]
¢ 2%B(35,3)#A031%(B(3,1)%a(1]1 « B(3,2)9AL2)) )
o 2¥B[5,090A[41%(Bres1I®ALL) o B4s2)%A[2) » RBra,3)eAr31)))

2
L ]
1/5 = 120B03,218B(2,118C(31waL1142 - 48Cr410(3npl6s218B(201]

726

®A(1192 o 39B(49310(B(391)%a01)42 « B(3,2108(2)42)) |
- 4®C(5)#(3#B(592)0B(2+1]19%A[1)42 * 3eB(S+310(RlIs1)0A[11+2

4 Bl3+21%AL2142)

¢ 36B[5,4)°(R(4111%A01)+2 ¢ Bl4+2]1%A(2)e2

¢ Blas3]0a3)42))8

0e 2786

1/5 = 24#874,3)98[3,21%8(2+1)0C(419a(1) .
- 4%C(5)0(698(513)0BI3+2)8B(2,]1)%A01] « Jen(5,4)8(20R14,2)
#B(2,10e801) o 2#8(a,30e(BLa,100A01) « Bra, 23680210008

fe 24833

175 = 40C{2)@(B{2411%A[11)1+2 = 4#C[3)e(Br3,1)%all)
o 8l3,2)0a022)92 « 4eClalo(Blas1)0al{] & Rl4s2]0al2)
o B(8,3)88{3)142 = 4eC(S)e(B(S,11%A[1) « A[S5,2)eA(2]
o BISs3)0A03) + B(Ssa)®A(a))+23

he 24893

EXECUTION CCMmPLETE fe 24897

R E R R E R E N N NI NI IS S SN R B R S

® 8 % 8 6 5 6 9 6 8 66 0GOS G e T SO GO e e e e s e

Shanks' Revision 1

SYMBAL vEKSINt
START PROGRAM

sHEGINT
oumPia 0 1
MODE(1)ts ¢ 1
MisHE N1a12%
Li=a0tlolololela2raonelogldciey
Alzejtnied
Claeliniet
BiwpIFuREZ 1 e 11 ZD03 #03lalseeg
SFORS [4=3iN ZUOZ BLl91):303
ZFORE [iméin Z002 8L1421:203
ZFORZ 11aSiN Z00Z A[{1,3):=08
Qtme SFORE K:s]:M-] ZDOZ
® SFORE Itm 1IN ZDOZ
PLILIK]éee3
ZFORZ Vs 11N EDOZ @l1,141)taall)y
11sltN 2002 Q(2s1s1)imAL102 3
TislgN 2003 Q(39141)1ma(l0193}
Ji=lIN ZD03 QlasTellimallles
ZFORES KisSimel =003 =BEGINZ
SFORZ I[t=1iN =DOZ EGINZ
SFORS TisliL(K=]) ZD0Z ZHECGIANZ
CIKeIsTItaA(l)oU(K=141yT}}
SENDZ)  ZFORZ TisL(K=1llelil(x) =nC:
QIKsIoTItaxke( SFORS Jimlii=] =SuME
ZENDZ § ZEANDZ 3
SFORE Kim]iM=] Z00Z ZBEGINE
SFORE T3=liL (K]} ZD0OZ ZHEGINZ
Uuwp 1= 0
ZHEGINZ
Xz ZFORZ Ji=z)in ZSUME CEIJo(QikeToTI)
FILE2 1= =3FUnChIZ
SIFZ K=7 THENZ DUMP{=S3
0%z 1/(Re))=x 3}
SENDSY ZENDES § SENDZ ¥ ZENCE 8

EXECUTE PROGRAM

141F

LK IR I I IR AT R B IR TR S YT Y JN-INE NN NN SN S SRS SO

TOTAL SPACE AvATLABLE

(3/14/69)
Ay By 1

L K 2R B I R Y I I RN R R I T R N I 2 T Y S S S S S S N )

(BlT1yU)aGCTIKm s s ToblKkal))) )}

* 808 8 o

1223158
e 04671

L4

©9 5 ¢ 8 8 8 8 0 6 8 ¢ ° 8 & B S & 8 S 8 e e e s e e s s s a0 s

gt



APPENDIX II

All of the coefficients used in this study are given in rational
fraction form since the SYMBAL language uses only rational fractions for
computational purposes. All of the coefficients with the exception of
the Fehlberg 8(9), Curtis, UT 1, UT 2, and UT 3 sets were originally
developed in rational fraction form. The exceptions were developed in
decimal form. For this study, these decimal coefficients were taken to
six decimal places and put over a denominator of one million to give the

necessary rational fraction form.
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THIRD ORDER COEFFICIENTS

FEHLBERG® 3(¢4)

Cl@)1879/490y C[1) 1m0 Cl2l132175/36269 Cl3)1%2166/9065)
Al111=22/7y A(2)137/18) Al3)1m35/38)y A(4)13)y Bl1,08)1=2/7)
Bl2,2)1877/900; 8[2,1111343/9DZ1 BI3,0)12805/1444y Bl3,1)1=e77175/
54872y BI3,2)1=297125/54872)

CLASSICAL!!
ClA)1w3/8 y Cl1)1=2/3 Clelemy/e 3 Alt)emi/2 ) Al2)my
Bl1,0)131/2) Bl2,0) 15} Bl2,1)1s2

RALSTON OPTIMyUM 15

ClRl1=2/9y C(1)1a1/3y Cl2li=4/9y Al1)1=1/2, Al2)1=3/4y

Bli,0)1=8/2y Bl2,0)1=0) Bl2,1)1=23/4y

Sh



HEUN 7
CiR)i=is4dy Cli)s=2@y C(2)1m3/4) Al1)131/3) AL2)1R2/3y
Bt1,21131/3) B(2,0) 120y Bl2,1)tu2/3

NYSTROM1®

Cle)smsi/sdy Cl1)1=3/8y Cl2)im3/8y A(f)lem2/3) A(2)t22/3
Bl{1,0)122/3) B(2,2) 1m0y Bl2,1)1m2/3)

gh



FOURTH ORDER COEFFICIENTS

FEHLBERG® 3 (4)

ClR)18229/1472y Cl1) 1m0 Cl2l1=1125/1813) Ct!)!l!3718/81585)
Ctdl1ag/48y
Al1)1=2/7y Af2)137/15) Al3)1m35/38, Ald)imyy BIY,0)t=2/7y
Bl2,8)1=77/900) Bl2,1)1t1=2343/900; BI3,0)1280%/1444y B(3,1) 1877875/
54872 B(3,2)1397125/54872)

B(4,0)1879/490y BlU,1) 180 Bl4,2)1122175/3626)
Bl4,3)182166/9065

AT



FEHLBERG > U(5) el

Cre} 1= 1/9 » Cl1) 1= @ 5 Cl2) 12 9/28 y CI3) s 16/4§ ’

Cld) 1= {/12

AtL] 1m 2/9 » A(2) 8 1/3 y AL3) 18 3/4 3 AL4) = | ’

BIl1,8) 1% 2/9 5 B(2,0) 15 {/12 y Bl2,1) 13 (/4 Bti.ﬂ) Is 69/128
BI3,1] 15 =243/128 j B(3,2) 1= 135/64 § B[4,8) 18 =17/12

Bld,1] 18 2774 ) Bl4,2) 1% «27/5 1 Bl4,3) 3= 16/15

FEHLBERG 4 (S)w2

Cla) = 25 /216 ) C{1) 1= @ y Cl2) 1w 1408 /2565 ’

CL3) 1z 2197 /4104 ) Cld) 13«3 /S ? ALY =y /4 ’

Al2) 1= 3 /8 1 ALY IR12/13) Al4)imyy Bl1,0) 1= { /4
B(2,0) 12 3 /32 ) Bl2s8) 1 9 /32 ) B(3,8) = 1932 /2197
Bi3,1) 1= =7208 /2197 1 B{3,2) % 7296 /2197 y Bl4,0) s 439 /216
Bld,1] t= =8 ¢ Bl4,2) = 3680 /813 ) B(4,3) 1m =845 /4104

gh



CLASSICAL!!

CtD]l=1/6; Cl11:=1/3y Cl2)1=1/3y Ci3)imi/6y All)emi/s2y Al2)1my/2 ’
Al3)e=1y BIl1,0)1=1/2y B(2,0)8m0) Bl2,1)su8/2 B(3,0)t=2y B(3,1)120)
B{3,2)1=m)y

KUNTZMANN OPTIMUM °

C10)1a55/360) Clil1m125/360) Cl2)13125/360) C3)1a55/360) Al1)1=22/5%)
Af2) 1=23/5y Al3)131y BI[1,@8)852/5) B(2,0) 13=3/20y Bl2,1)123/4
B(3,0)1319/44) BI3,1)13=15/44) Bl3,2)1mU4B/44y

KUTTALO

Clole=i/8y Cti)123/8) Cl2)1=3/83 C(3)1s1/8) Al1)t=21/3y Al2)1m2/3y
Al311=1) B(1,0)331/3) Bl2,0)18=1/3) Bte,4) =ty B(3,0)sm1y
BI3,1)t=zely B([3,2) 121y

6t



SARAFPYAN1S8

cto) 132 1/6 ) Cl1) 13 @ 9 CL2) 13 2/3 3 CI3) 1= 1/6 4

ATL) 1% 1/2 ) AL2) 1= 1/2 9 AI3) 83 1

At4) 18 2/3 |

BI1,8) t= 1/2 y B(2,8) 1% 1/4 y B2,1) = {/4 y BI3,0) 5 @ j.
BI3,1] 1= «f y B(3,2) 158 2 3

BL4,@) 12 7/27 3 Bl4s1) 18 10/27 § BIL4,2) 13 @ 5 BL4,3) 18 1/27 4

ur !

Cl2)1=124584/1000000) C(1) 120 C(2)12577732/1000000) CL3)1=
11167899/1200000) Cl4)15=10870216/1000000

AlL)1%266000/1000000y A12)12398999/10003000) AT3) 1=997475/1000000)
Afd)i=yy

Bl1,8)13266000/1000002) B[2,0)1299749/10000@0) B(2,1) 15299250/

100000202y B81(3,0)12997397/1000000y B!3,1)13«37403204/10000020) Bl3,2)18%

3740282/1000000) Blu,0) 181018551/1000000) Bld,1)1=-3826725/1000000)
Bl4,2)1m3810768/1000000) B(4,3)19=2%594/10800000)

0S



ur 2! _
ClB)12125181/1000000) CL1) =0y C[2)15299910/1000080) C[3) 12437933/
1800000) Cl4)1a136974/1000000) |
At:laiaosoee/xzzozaz, A(2)18304600/1000000) A[3)186203%1/1000000)
Afd)aimyy _
B11,0)13203066/1000000) B(2,0)1876150/1000000) B(2,1] 18228450/
1000000) B(3,0)12327625/10000005 BI3,1)13=1016945/1080000}
B3,211813089671/1000000} sta,0115-300307/1zaazaz, BL4,1) 182751166/
1200000y Bl4,2112-2664664/1000000) BI[4,3)1=1213805/1000060)

ur 3t
ClBl18128196/1000000y C(1) =@y C(2)1227574%5/1000200)
CI3118454937/1000000s C(4)12141120/1000002y Al1)13200933/1000000)
Al2)13301400/1000000) Al3)1=26061708/1000000) Al4)tmly
Bl1,0)13200933/1200000) B12,0) 1=75350/1000000)B12,1) 18226050/10002000
! B(3,0)12308207/10000003 B(3,1)19934792/1000000
BI3,2)121232755/1000000) Bl4,2)19+232399/1000000)
Bl4,1]1=2571843/1000000) ata}zss--zeeqosa/1zooaaa;
Bl4,31181269608/1002000)

TS



SHANKS (4=4) 19
CI8113179124/700925 Cl1)18200000/70092) € (2] 1%42425/70092,
C(31128791/70092) Al11451/100) A[21133/5) Al314=1) BL1,0]421/100)
B[2,0)12m4278/245) Bl2,1)134425/248y B(3,08) 15524746/8791 )
BI3,1)13532125/8791y B13,2]1216170/8791;

4



FIFTH ORDER COEFFICIENTS

FEHLBERG  U(S) et

C10)1847/450) C[1)1=0y CL2)1512/25) CU311332/225) Cl4)1m1/30)
CI5) 136/25) | |
ATL) 13 2/9 y A(2) 33 1/3 3 AIL3) 1= 3/4 3 AL4) 12 § 3 ALS)18S/6)
BIL,8) 1= 2/9 1 B12,@) 15 1/12 y BI2,1] 15 1/4 ) BIU3,08) 1w 69/128
BI3,1) 18 «243/128 3 BI[3,2] 1= 135/64 3 B4,0) 1% «17/82 9
BI4,1] 1% 27/4 y BL4,2] 18 =27/5 3 BL4,3) 15 16/15

| BUS,11865/4325 BIS,1118=5/169 BIS,2) 1813/16)
BS,3)m4/27) BIS,4) 188/444y

g4



FEHLBERG > 4(5) =2

CB) 12167135y C{1]1=8) Cl2)136656/12825y C(3)1228561/56430)
€14)1329/50) CI5]1852/55)
AL11131/4) AC211=3/89 A[3)1a12/13y AL4Ygmty A[S)ym1/2)

BL1,0) 13 t /4
BL2,8) 1= 3 /32 5 8l2,1) 13 9 /32 y B(3,8) g= 1932 /2107
BI3,1) 1= =7200 /2197 5 B(3,2] 1= 7296 /2197 ) BL4,0) 1= 439 /216 )
"BI4y1) 1= =8 5 B(4,2) 1= 3680 /513 ) BL4,3] 1= =84S /4104

B15,8) 18e8/27y BIS,1)182)

BIS,2] 13=3544/2565) B 15,31 ¢R1859/4104y BIS,4]15=11/409

FEHLBERGS 5(6)

Cla) 1= 31 /384 3 Cl1) s=m @ 3 Cl2) 1m {125 /2816
Ct3) 12 9 /32 y C{4) g= 125 /768 y CIS) 15 % /66 3 Al1) 1= ¢ /6

hs



Al2) 1= 4 /15 3 AIL3) 18 2 /3 4y Al4) 4m 4 /S 3 ALS) 1= 4 y
BI1,2) 18 1 /6 ) B(2,8) 1= 4 /75 y Bl2,1] 1= 16 /75 5 B(3,0)1%
5 /6 1 BI(3,1) 12 «8 /3 j BI3,2) 18 8 /2 4 Bl4,0) 18 -8 /5
BUI4s1) 1% 144 /25 y BIL4,2) 1w w4 g B{4,3) 1w 16 /25 ’1y~_' f
BI5,@) 1= 361 /320 1y BIS,1) 13 <18 /S y B(S,2) 1= 4@7 Alzéfi;,_

BIS,3] gz =11 /8@ 4 BIS,4) 1m 55 /428

SARAFYAN!S

ClBlemiy4/336y C(1)1=0y C(2) 1m0y C!318=35/3361C(0]l8162/336].
CIS)1m125/336; Ali1)1=1/2) Al2)1m1/2) Al3) sty Afd4)es2/3y A(SY1m2/10)
Bl1,811=21/23 B(2,0)t=1/4y Ble,111=81/4) BI3,08) 130y BI(3,1) 1sey)

BI(3,2) 132y Bl4,8)137/27) Bl4,1)1210/27) B4,2) 120y Bl4,3)1n1/27)
BI5,0)1228/625) BI(5,1115=125/625) BI5,2)15546/62%) BIS,4) 18e378/
625y 3[50313354/6251

SS



SHANKS (S=5)1°

CI2)13105/1134y Cl1) 120y CL2)3=500/1134y CI3)1=44B/1134y
Cld)e=81/1134y C(S) =03 Alf)i=1/9000y A(2)1=3/10 A[3]OIS/49 Al4] su=y
) BI1,011=1/9080y B(2,8)13+4047/10y B(2,1)1=4050/10y B[3,0) 1=
20241/8y B(3,1)1=2-20250/8y BI(3,2]1315/8y B[4,0) 1==931041/81)

BI4,1)1=2931500/81) BIl4,2)12=490/81y BI(4,3)12112/81)

BUTCHER 24

CI@)3a5/48y Cl1)1=8y Cl2)smDy C(3)1227/56) Cl4)12125/336)
CIS13m1/24y AL1)121/5) Al2)132/5) Al33s=1/3) AL4)smu4/Sy A(5) sl
Bl1,0)331/5) B(2,0) 120y B(2,11182/5) B13,0)187/36y BI3,1) 1u0)
B(3,2)135/36y B[4,0)1=0s Bl4,1)150y B4,2)184/5) BLl4,3)t30y BI(S,8)

121/4y BIS,1)130y B(5,2)15=35/4y BIS,311=54/7) BIS,4)1225/14y

9§



BUTCHER? 2

ClO) 1=5/48y C(1)1=0y C(211801'6[3ll=27/56; Cty4) s=125/334y CI(S5)1=1/24
) All)isel/Sy At2)1m2/5) A[3)131/3) Al4)1md4/5y ALSYtsyy B(1,0)sam]i/
Sy B(2,8)184/5) Bl2,1)¢==2/5y B(3,08)1m7/36y B(3,1)3=0)y B(3,2)1=5/
36y B(4,0) 150y BlU,1) 138y B(4,2)8=4/5) BL4,3)150y BI5,0)1=8/Uy

BIS,1) 150y . BIU5,211m=35/4y BIS,3)1254/7y BI(5,d4] 1%28/14)

NEWTONCOTES, LAWSON!?

Cle)137/9@) C(1) 120y C(211332/90y C(3)1m12/98) C(4}s332/9@y CIS)1=
7/98s Ali)1:1/2y A(2)1=31/4y At!)liIIZy Af4Yy1=3/4y A(S)i131
B(1,8)131/2y B[2,0)883/36y Bl2,1)tmi/16y B3,B) 2203 B(3,1] 120y
Bl3,2)121/2) B(4,0) =0y Bl4,1)1m=3/16y Bl4,2)s26/16y Bl4,3]1829/16
Bl5,0)181/7y BLS,1)834/7y BLS,2)156/7y) B(5,3)18=12/7y BI[S,4])128/7)



NEWTON=COTES, LUTHER!3

Cte)1a7/98) Cl1) 128y C(2)137/90) Cl3)11=32/90) C[U4)1:12/90)
CI5)1332/90)y Al1)1=1) Al2)1s1y A(31s=1/4) AL4)y=i/2) At511l3/ﬂ|
Bl1,2)1a)y Bl2,011=1/2) B(2,1)181/2) B!3.0!|llalbaa' BI3,1)188/64)
Bl3,2)1==3/64) Bl4,0)18=12/963 Bl4,1)1me12/96y Bl4,2] 128/96)
Bl4,3)1864/96y BI(5,0) 180y BIS,1)15=9/64y BI(5,2)185/64) B(S,3) 1=

16/64) B(S,4)1336/64y

NEWTONCOTES, BUTCHER2

Cl@)3a7/92y Cl1)1=8y CLl2)1m32/90) C[3)1=12/90) C(U4)$532/90)
CI5)11=7/90) Al1)s=i/8y Al2)m1/4y A(3)s=1/2) AL4)s=3/4y ALS) 1Sy
BI1,0)131/8) B(2,0)150y Bl2,1)1=1/4y B(3,0)sm1/2y BI(3,1) 1mel)
Br3,2)1=iy BI4,2)1=3/16y BI4,1)¢30)y B(4,2) 120y BL4,3)1329/16)
BIS,0)15=5/7y BIS,1)184/7y BIS,2)1512/7) BI(S,3)18e12/7) B(S,4) 128/7)



NYSTROMY

C(0)¢m23/192y Cl1)13@y C[2130125/1921 Cl31t=2) ClU)1m=81/192)
CI5)13125/192) Al1)1m1/3y Al2)1m2/Sy AlSIial) Al4)es2/3y AlSisaussy
- Bl1,@)131/3y B([2,0)1=4/25) 8(2:11!'6/25) BI3,2)1m8/4y B3, 1)tmey2/4y
BU3,2)1815/43 Bl4,1)1=6/81y BL4,1) 1898/8] Bld,2118=50/81y Bl4,3) s
6)81! BIS,0)1=6/753 BI(S,1) 1536775 315,233n10/755 B(S,3)1=8/75,
BIS,4) 130y

SHANKS (6e6) 19

C(2113198/3696) Cl111283 CL2]3121225/3696, C(311=21840/36969
Cl4)12810/3696) C5)1amT77/3696) Cl6)3mBg C(7) 1209 Al111=1/302)
Al2)s31/5y Al3):33/5) Al4) 1314715 AlSlae=yy Bl1,0)9=1/300y

Bl2,0)1m~29/5;5 B(2,1)1=30/5) B(3,0)18323/5) B(3,1113=-330/5)
8[3'2];512/51 B(4,0)13=510104/810) Bl4,1)¢=321640/810y
B(4,2)15-12705/810) B(4,3)121925/8109 B(S,8)12=417923/77
BIS,1)13427350/77y BIS5,2) 15=10605/77) 8[5.35131389{771
BIS,4)18=54/77

BS



urt 1!
Cl2)12124789/10000008) C(1) =8y C(2)1=574915/1000200) CI3) o= 11113447/

1822088 CL4)13-10816403/1000000) C(5]1%3250/1000200)
A11113266000/1000002) A12]12398999/1008000) A [3)13997475/1000000)
Ald) =Yy AlS)i=i/2y

BL1,0]15266000/1000000) B12,0) 1=99749/1000000; 6 (2,1] 13299250/
1000000 B13,0115997397/1000000) B(3,1)15=3740204/10000089 BI3,2] 1=
3740282/1000000) B14,0)121818551/1800000) B L4, 1) 13=3826725/1000000)
Bl4,2)153818768/1000000) BI(4,3) 15-2594/1000000)

BIS,0] 15=36199/1000000) BIS,1) 12956681/1000808; 8 (5,2 1ne819392/

10020002 B(5,3)1=268376573/1000000) BIS,4) 15=B8277662/1000002)

04



ur 2!

ClRl1a78464/1000000) C[1)120; C2)12637651/1000000) C[3)1x
931106/10000@0; C[4)13103537/1800000) € 5)18=750761/1000000)
Al111=203066/1000000s A12)12324600/1000088) A[3)12620351/1000000)
Ald)sely A(Sliei/2) ‘

Bl1,0)18203866/1200000) B(2,0)1276150/10000008) B(2,1) 15228458/
1000000) B(3,0)12327625/1000000) Bt!;lll§'1b169a5/10000ﬂ0’
B13,211=1309671/1000000) B(4,0) 13=300307/1200000) B(4,1) 122781166/
1000228) Bl4s2]11==2664664/1000000) B(4,3)1n1213805/1000000;
BI5,0112293963/1000000) B15,1)1=687791/1000820; B (5,2] 12891098/

1000022y BIS,3)11=24998/1000000 BI5,4) 18222269/1000000)

T9



ur 31

C1211399466/1080008) C (1130 C(2) 15397514/1000008) C (3] 12243604/
10000800y C(4]13=72772/100008@) CLS)1=333186/1000000)

| A11)12200933/1000000)
A(2)15301400/1000000) A[3)15606170/1080000) AL4]s1n1y
A15)18918110/1000000)
B1,8) 15200933/1002000) B12,0) 1=75350/10820021612,1] 13226050/1000008
) B13,0)1=308207/1000000) B3,1) 15934792/1200000)
B13,2]151232755/1000000) B (4,01 13-232399/1002020)
BIl4,11152571843/1000000) B L4,2) 15=2609052/1000000)
BIl4,3)151269608/1080000)
B1S,0) 13-59480/1000000) BS,1) 12972686/1000000) BIS,2] 122663913/
1000000y B15,3112616247/10000008) B15,4) 1352570/1000000)



SIXTH ORDER COEFFICIENTS

FEHLBERGS5(6)

Cl8)127/14@8) CI1)128y CL2)11%1125/2816) C131129/32) C[4)12125/768)
CIS) 180y C[6)135/66) CL7)155/66)
AlS) 1w § /6
AL2) 1% 4 /15y AL3) 1% 2 /3 ) AL4) 43 4 /5 g ALS) gm 1
AlelizRy ALT)imYy _
BI1,0] 8 { /6 y Bl2,8) 13 4 /75 j Bl2,1] 1= 16 /75  B(3,0)1=
5 /6 3 BU3,1) 1= =8 /3 j BI3,2) 12 5 /2 y Bl4,0) 1% =8 /5
BL4y1] 8™ 144 /25 j BU4,2) 12 =4 BL4,3] g3 16 /25
BIS,)8) 1% 361 /320  BUS,1) 12 =18 /5 4 B(5,2] 1= 407 /128
BIS,3] 1= «11 /88 4 BIS,d4) 15 S5 /128
|  Bl6,@Y1me11/640)
Bl6,11188) Bl6,2)s211/256) Bl6,311mmi1/160) BL6,4]1x11/2%69
BIl6,511808) B(7,011293/640) BI7,1)12-18/5) B(7,2) 13803/256)
BI7,31t5=11/160) BI7,411399/256) B(7,5) 138y BL7,6]1%1)

€9



FEWLBERG® 6 (T)

CIB)1=77/1440y CIl1) 120y CI2)130) CI3)1=1771361/6289920) ¢ (4] 1
32/125) CI5115243/2560) C16]1216807/748808; C(711311/272;

Al1)e22/33y A[2)334/33) A‘[3ls=2/lls Ataﬂllu/Zn A!S)wz/h Al6)tme/7y
Al71e=1y BI1,01122/33) B(2,01120) B[2,11134/33y B13,0] 1a1/22)
B3,11130) B13,21423/22) B14,011343/64) Bl4,1) 188y B(4,2] 1ne165/64)
BUL4,311277/32) B15,0113-2383/486) BIS,11150y B(5,2)151067/54;
B1S,3112226312/1701y BI(5,41132176/1701) Bl6,0)1810077/4802;

Bl6,1])1=0) Blé,2)13=5643/6869 Bl6,3)1m116259/16807)

B[boalt=-6208/16807:'3[6151881553/2U01’ BI7,0]13=733/176)
BI7,1] 120, B{7,2)1=141/8) BL7,3)110=335763/232969 BL7,4) 13216/77y
Bl7,5)13e4617/2816) Bl7,6)137203/9152;

h9



BUTCHER (6=7)2

ClR)i1=11/120y C(i) 1203 C(2)3227/408y C(3)1227/40y Cld)12=U4/15y
CIS)e==d4/15y Cl6)8=211/1209 Al1)1331/3y A[2)332/3y A(3)128/3y
C(7)1=0y

Ald)isi/2) AlSli=1/2y Al6lizily BI1,B)151/3y B(2,8)120y B(2,1)922/3)
BI3,0)1=1/12y BI(3,1)131/3) Bl3,2113=1/123 Bl4,0)12wi/16y
Bl4,1)829/8) Bl4,2)12=3/16) Bl4,3)1==3/8) B(5,0)1130) BI5,1)1389/8)
B(5,2)13=3/8) B1(5,3)1ee3/4y B(5,4)1=1/2) B{6,8)189/44y Bl6,1)sm

=9/113y Bl6,2)3363/44y Bl6,3)1318/11y B(6,4)s=0y Bl6,5)t2alb/11y

g9



BUTCHER (6=8)2

ClB)esd1/840, Cl1)18216/843y C(2)130) Cl311227/840)y C14)12272/84D)
CI5)1m27/8402y CL6)1m216/840) Cl7)1241/840) AL1)emi/9) AL2)1m1/6)
Al3)em1/3y Aat4)imy/2y AlS)132/3y Al6)125/6) A[T7) 1=y Bli,2)1m8/9y
Bl2,8)1m1/24) BI12,1)183/24) BI3,211a1/69 B(3,1)12=3/6y Bl3,2)e=md/6y
Bl4,0)1==5/83 B(4,111227/8) Bl4,2) 1==24/8y BI4,3)1248/8) B(S,0) =
221/9y BI(S,1)13=981/9) BI5,2)12867/9y B15,3112=102/9) BiS,4)181/9)
Bl6,D] 13=783/48) Ble,1) 13678748, Blée,2) 13=472/489 Bl6,3] 1mebb/uly
Bl6,4)1380/48y B6,5)383/48y BI7,0)13761/82y BI7,1)112=2079/82)
Bl7,2)131002/82) BI7,3)13834/82y BI7,4) 1==454/829 Bl7,5)12=9/82;
BL7,6)8372/82)

99



SHANKS (bmb) 19

Cf018ﬂ198/3696) Cli) =@y Cl2)1m1225/3696y CI311m154D/3696)
Cl4)1mB818/3696) CIS)1maT7/3696y CL6) 158y CLT) 150} Al1)11=1/300)

Al2)131/5) A(3)183/5) A[4)1=214/15) ALS5)1aty Bl1,01121/300

Bl2,0)13=29/5) B[2,1):230/5; BI3,0)13323/%) B(3,1)18e330/5,
Bt3,2)1210/5y Bl4,0)12«510104/810) Bl4d,1)12521640/810)
Bl4,2)18=12705/810% Bl4,3)1=1925/810 BIS,0) 13=417923/77
BI5,1)12427350/77) BL5,2]13«102605/77 BIS,3)11=213089/77
BiS,4)12=54/77)

L9



SHANKS(7e7)19

Cleli1=14/3002y C(1) 1m0 C[thﬂalllzﬂ’ Cl311=110/3005 Cl4) 1=0)
C{5131=81/300) C(6)s=14/300) CLT7) 120y

Atili=m1/1923 Al2)e=at/6y A[3)im1/2) Al4)tmiy AlS]1a5/6) Al6) =Yy
BI{1,0)131/192y B(2,R)s5==15/63 Bl2,1)116/69 Bt3;01i80867/1861
B(3,1)13-5072/1863 B(3,2)12298/186) Bl4,0] 1=~1999%5/34y BlG,1) 1=
20896/31) B(4,2]115«1025/31y Bl4,3]12155/31y B(S,0)13=469805/5022)
BI5,111=2490960/50225 BI(5,2)113w22736/5022y B(5,3) 155580/5022
BI5,4)12186/5022) B(6,0)12914314/2604y BI6,1)19e955136/2604
Bl6,211347983/2604) Bl6,3)126510/2604) Bl6,4) 18»588/2604

Bl6,5) 132511/2604y

89



SEVENTH ORDER COEFFICIENTS

FEMLBERG®6(7)

Cl@lia11/864y C(1)1m@y CL2) 120y C[311=177156l/6289929v Cld)a32/108%)
CIS]12243/2560; Cloe)1nie807/74880) Cl7)12@y C(8)1=11/270) CI9) 13
117279
Al11182/33y A[2)1=24/33y A[3)s=2/11y Al4Yes1/2y 21S1182/3y At6)136/7)
ALTI 1=ty A[8) 130y A[9) 1=y

Bl1,0)1=2/33; B(2,0)130) Bl2,1)134/33y BI3,0)1m1/22)
BI3,1)1=0)y B(3,2)133/22y Bl4,0)s243/64y Bld,1)120) Bl4,2)12e165/649
Bl{d,3)=77/32 BI5,0) 1m=2383/486) B(5,1)1=0} B{S,2)t=1067/54)
BIS,3115=26312/1701 BIS,4)832176/1701 Bl6,0)1510077/48022)
Bl6,1) 130y Bl6,2])13=5643/686) B{6,3)12116259/16807 :
Blé,4) 18=62408/16807 Blé,511%1053/2401 B(7,0)12«733/176y
BU7,11120) B(7,2)1=2141/8) B17,3113=335763/23296 BL7,4)13216/77

BI7,5113e4617/2816y BL7,6)1m7203/9152,
BI8,8)1215/352y B(8,1)1=08) B(8,2) 100,

BI8,3) 13=5445/46592; Bl8,4)1318/77) Bi8,S)1m=1215/5632)
Bl8,6]131029/18304) Br8,711=20y B(9,0)13=1833/352, Bl9,1) 1m0y
Bl9,2)15141/8 BI9,3)1=2=51237/3584) BI9,4)1=18/7y BIl9,5)18729/512,
BIl9,6)131029/1408y B(9,7)120; B{9,8)smyy

69



FEHLBERG®7(8)
CO)s=41/842y C1112@y Cl2)1=0y C(3)1=0y Cl4) 128y CI(S5)1a34/105)
Cl6)159/353 CI(7)1=9/35) C8)159/280y Cl9)1=29/280Q) Cltio)1=41/840;
Ali1]832/27y Al2)1=1/9y A[311s1/69 Al4)1=5/12y A[SIt=1/2y Al6)1mS/by
Al711s1/6y A[B]322/3y A[91sm1/3y ALl10) =ty B{1,0)182/27) Bl2,0) 1=
1/36y Bl2,1)1s1/12y BI3,0)121/24y B(3,1)1=0) B(3,2)181/89
Bl4,08)135/12) BI4,1) =03 Bl4,2)33+25/16y BI4,3)1225/16) B(S,2)1=

1720y BIS,1) =0y B(S,2)180y BIS,3)1=1/4y BI[5,4)381/5) B(6,8) 1=

=«25/108) B(6,1)1=0y Bl6,2) 128y B(6,3)13125/108 Blée,d)1meb65/27)
Bl6,3)13125/54, Bl7,111231/300y B(7,1) 120, BI7,2) 120y
BI7,311803 BI(7,4)1261/225) BI7,511%=2/9; BI17,6)1313/900)
Bl8,2)132y B8(8,1)130; BI8,2)150; B[8,3)13=53/6) 8[8,41!3704/453
B(8,5]1==107/9; B(8,6]11=67/9083 B[8,7)1=3; Bl(9,B8)12«91/1028y Bl9,1) e
2y B(9,2)1=0, BI9,3)1=23/108) Bl9,4)1m=976/135) B19,5112311/54)
8[9,6]{=-19/601 BI9,711=817/63 B(9,8)1mei/12, Bl10,0)1=2383/41009
BI10,1)1=20y B(10,2]130) Bl1@,3)1=2=341/164; Bl1@,4)124496/1025)

Bl12,5]13=301/82) Bl10,6)122133/4100 BI19,7)1=45/82y B(10,8) 1=
45/164y Br10,9)1=18/41y

0/,



SHANKS(Te7)19
Clo)tal4/3@0) Cll) =2y C(2)1381/308) C(3)1=110/300y C(4) 120
Cl511281/380y C[6)1=14/38@y C[T7) 120y Cl8) 120y C(9)imBy C[10) 1n0)
Al111a21/1925 Al2)1131/63 AQ311=21/2) Al4Yasty ALS)1a5/6) Al6)o=ly
BI1,@)121/192y Bl2,0)1==15/6) BI2,1)1=16/6) BI(3,0]1134867/186)
B{3,1115=5072/186y B(3,2)8=298/186) B4,0) 12=19995/31y Bl4,1) e
28896/31) BI4,2) tm=1025/31y BI[4,3)11%155/31y B(S,0) 18469805/5022;
BI5,1)13490960/5822y B(5,2)18=22736/5022y B15,311=5580/5022)
BI5,4183186/5022) B(6,0)15914314/2604) B(6,1)12+955136/2604)
ats,alx§a7933/zezay BL6,3)1%26510/2604y Bl6,4) 18=558/2604)

BLl6,5)132511/2604)

TL



SHANKS (T=9)19
CiP)13110201/21408320y Cl1)120) C (2] 120y CI31:1=767936/2140320)
Cl4)12635040/2140320) C[S5)12=59049/2140320) Cl6) 12=590U9/2140%20)
CU7)1=6350408/2140320y C8)1=110201/2142320y A1) 12/9) Al2)1m1/3)
Al311m1/2) A(4)i31/69 A[S]1=8/9) Al8)121/9) AlT7)3a8/6)y AL8) =1y
Bl1,2)1%2/9) B(2,0)tm1/12) Bt2,1)1=33/12) BI3,0)1m1/8 ) BI3,1) 1m0y
BU3,2)153/8) B(4,0)1223/216) Bl4,1) 120y Bl4,2)1821/2169
BL4,3)12-8/216) BI5,0) 15=4136/729) B(S,1) 1ua, BI5,2)1®=13584/729,

BI5,3)185264/729, BIS,4)1m13184/729) Bl6,0)1%105131/151632)

Bl6,1) 120 Bl6e,2)18302016/151632) Bl6,3)12=107744/151632)
Bl6,4]13-284256/151632) Bl6,5)1=1701/151632, BI7,0)1=e775229/
1375920y BI(7,1) 120 BI7,2]112227709508/1375928; BI7,3)121735136/
1375920 BI7,4)152547216/1375920) Bl7,5)1381891/1375928) B(7,6]1=
328536/13759221 B(8,0)1=23569/251888) BI8,1)1=0y BI[8,2) 18=122304/
251888y B(8,3)1=520384/251888) B(8,4])12695520/251888)
Bl8,5)15=99873/251888) BlB,6)18~466560/251888) B8, 718
241920/251888)

ZL



EIGHTH ORDER COEFFICIENTS

FEHLBERG®7(8)

Clo)i=oy Cl1)120y C(2)180) CI3) 3230y C(4) 130y CIS)s=34/1085) Cl6)1a
9/35) C[711=9/35y CIB)1%89/280 Cl91139/280y CLiPYs=0) ClI1)smUYL/BUD)
Cl12)1341/840)
Al113=2/27y A12)1=21/9) AL3)121/6) A[4)185/12) AIS)t1=1/2} Al6) 1E8/6)
AL7)imy/6) A(B)132/3) A[9)sm1/3; A[10)g=yy Al11)120y Al12) 1=y
Bl1,0)122/27y Bl2,08)1s
1/36y B{2,1)1=21/12y B(3,0)t81/24y B(3,1) 180, BI3,2)1=4/8}
Bl4,0)185/12) Bl4,1)180) Bl4,2) 15e25/16} Bl4,3)1825/16y B[5,0) 1
1/20y B(S,1)1=203 BIS,2) 120y B[S,SJ!B!/Q; BiS,411=1/5) B(6,D]1 1
=25/108y BI[6,1)1=0) Bl6,2) 130y Bl6,3)13125/108) B(6,4) 15e65/27)
Bl6,5)88125/54) B(7,1)1=34/300y BI(7,1) 130y Bl7,211=09
B(7,3)1128) BIl7,4)1361/225) B(7,5)13=2/9; Bl7,6)1213/900

B(8,0)s=2y BI8,1)130y B(8,2) 120y BI8,3)1=2=53/4y B[8,4)18704/4Sy

gL



B(8,5)12-1087/9) B(8,6]1867/90) B(8,7) 183y B(9,B3) ime91/108) B(9,1)sn
2y B(9,2)1=0y Bl9,3)1:=23/108 Bl9,4)1%e976/13%) B9,5)1=311/54y
BI9,6]13=19/60) B(9,7)1817/6} B(9,8)Y1mmy/12y BIID,GJIIESBS/QIGG)
Bl10,1)13Q) B[10,2)1=0y Bl10,3)1=e341/164y BI19,4) 134496/1025)
B(i10,5)1=-3041/82 Bl10,6)132133/4100) BI18,711845/82) B(10,8) 1w
4S/164y B(10,9)1218/41

BIl11,0):=3/205y Bl11,1) 150
Bli1,2)128) B[11,3) 130y BIi1,4)1=0) Bl11,5)18eb/41y Bli1,6) 1237205
Bli11,7)1==3/41y B(11,8)183/41, BI11,9)1m6/41) B(11,10)1%0)
Bl12,0]18«1777/4100y Bl12,1) 120} Bl12,2) 130y BI12,3) 1=e341/164y
Bli2,4)1=24496/1025) Bl12,5]1132289/82y B112,6)1282193/4100)
Bl12,711351/82; B(12,8)1=33/164y Bl12,9)1=12/44) B[12,10)1=20)
Bli2,11)1=yy

hi



FEHLBERG18(9)

CI2)1232256/1000000) Cl1)1%0) Cl2)1md) C(3)320) Cldliedy C(S5) 1m0
Clée) 133y Cl7)1=20)y Cl8)1=259837/1000000) Cl9)1=92847/1000008
Cl19)1=164523/1000000) Cl11)1m176659/1000800) C[12118239201/100¢90G1
Cl13)133948/1000000) Cl14) :=30726/1000000 Al1)1=443689/1000000)
Al2) 18665534/1000000 A{3)1=998301/1000000 Al4) 12315500/1002000)
AlS)13505441/1000000) Al6)1=171428/1000000) Al7)12828571/1000000)
AlB) 1m665439/1000000) Al9)33248783/1000000 Al12)1=109000/1C000020
Al11)13891000/1000000) Al12)1=399500/1000000) A(13)1z600500/100c000)
Al1d4)smly B(1,0]15443689/1000000; Bl2,08)1=166383/1000000)
Bl2,1)18499150/1000000) BI3,0)1%249575/1020000) Bt3,1)1=0
B(3,2)18748725/10002000, Bl4,0)1=206618/1000002 Bld,1] =0y
Bld,2)1=2177078/1000000 Bl4,3)1568197/1000000y B{5,0) 12109278/
1000000y BIS,1)t20y BI(S,2) 1%0) BI(S,3)134021/1000000) BIS,4) 1=
192141/1000000) Bl6,0)1=98899/1000202; Bté,1) 120y Bl6,2) 120y
Bf{6,3)193513/1000000} BIl6,4]31=2124760/1000000) B(6,%) 18=85748/

1800000y Bl7,0)13=368068/1000000) BI7,1) 130y BI7,2)120) B(7,3) 330,

SL



BI7,4)13»2227389/1000000) BL7,51121374290/10000200) B[T,bll'2009739/
1000000y B(8,0]1345467/1000000y B(8,1) 1203} Bl8,21t=0y B(8,3) 1m0
B(8,4) 120y B(8,5)13325421/1000000) B(8,6)12284T766/1000000)
B(8,7)3=9783/1000000 BLl9,0) 1260842/1000000) B[9,1)130) B8(9,2) 120
Bl9,31128) B(9,41130s B([9,5115=21184/1000000) BI9,6)1:19%8965/1030000
! BI9,7)15=4274/1000000) B[9,8]11817434/1000000) B[10,0) 1554059/
102000@y BI[10,1) 1303 B[10,2)1%0) BI10,3)1m@y B[10,4) 100y B(§0,5) 120
Bl12,6):2110298/1000000) B!10,7)1%=12%6/1000000 8l12,8) 383679/
10000003 B110,9)1==57780/1000000) Bli11,0)=2127324/1000000y B(11,1) 2=
By BI{11,2)1%0) B(11,3)1=28y BIl1§,4)150y) BL11,5) 100y Bii1,6)1=0y
Bt1107ll§114488/10828G01 Bl11,8) 12287730/1000@0009 B(11,9) 12509453/
1000000y BIl11,10)1==147996/1002000) Bl12,0)1==3652/10000208)
Bria,{)s2) B(12,2)1%09 B(12,3)1%0) B[12,4) 1=0y Bl12,5) 1m81629/
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1800000) B(12,6) 18=386077/1000080) Bl12,7)1a30862/1000000)
Bl12,8)13=58077/1000020) 3(12a9lll33596§/1ﬂ00200! Bl12,10)1m410668/
10002020 Bl12,11)1%=11840/1000000) Bl13,0)181237535/100200020)
Bl13,11182) B(13,2)1209 B(13,3) 120y BI{3,4) 120y B(13,5)1me24430768/
1000002y BI13,6)12547795/1000000) BIl13,7)1s=U441386/1000000)
B(13,8)1=10013104/1000000) Bl13,9)15«14995773/1000000) B(13,10) =
S5894694/1000000) Bl13,1111=21738037/10082000 Bl13,12)127512330/
1000000) B!lﬂ,ﬁ]l=-352628/1@0ﬂﬂﬂ@’ Bl14,1)1%0y B(14,2)3:0) B(lho31l8
@y BI[14,3)380) Bl14,4) 1m0y Bl14,5)19e183961/1200000) BliG,6)1tn
=655701/10000223; Bl14,7)1m=390861/1000000) B[14,8) 15267946/
19000002y BIl14,9)15«1838302/1002002) Bli4,10)1m1667232/10000800)
Bl14,11)18495519/180002002} Bl14,12) 1=1139400/1000200) B (14,1318
S1336/1000000)
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SHANKS (8=1@)1°

Cl@)1m41/840@) Ct1) 1=y Cl2) 1m0y CI3)1227/840) ClU) 122727840}
CIS11=27/848y CL6)3=216/840) Cl711=0y CIBJIIZib/Baﬂt Cl9)mat1/840y
AC1]t34/27y Al2)1=m2/9) AL311=1/3) Al4)rul1/2y ALSYa=2/3) Al6)imi/6)
AL7)1mt; A[8)13S/6) AL9)imly  BL1,8)1%4/27y BL2,0)151/18)
Bl2,1)183/18y B(3,8)1=28/12y B3, 1) 130 BIS,Zlall/lai-Bta.013l1/81
Bl4,1) 138y Bl4,2)1209) B[4,3)1%3/8y B(S,8)1513/54s BtS.lit-ay B815,2)
12=27/54y BIS,3)1m42/54) BI5,4) 198/S4) Ble,8) 1238974328y B(6,1) 130y
Bl6,2)12=54/4320) B(6,3)1966/4320) B(6,4) 1582474320
Bl6,5)12243/4320) B(7,0)182231/20Qy B7,1)128) B(7,2)1581/20}
BI7,3)18=1164/20) B(7,4)18656/20) B(7,5)15=122/208) B{7,6) 1340
B(8,0)t2=127/288y B(8,11150) B(8,2)1%18/288) B!8,3)15678/288;
B(8,4) 12456/288) BI(8,S)1%=9/288) B[8,6)12%576/288) BIS8,T7)184/288)
B(9,0)1=1481/820y B(9,1)1m0) B(9,2) 18=81/8202) B[9,3)127184/820)

BI9,4)15»3376/820) BI9,5)1%72/820) BI9,6) 1:=5340/820) BI(9,7) 1owed/

820y Bl9,8)18720/820)

3/,



SHANKS (8=12)19

CLB)1=41/842) C(1)1=0) Cl2) 1m0y Ct3) 1=y Ctai;-oa CtS!llZib/BaB;
Cl6)13272/840y C(7)1%27/840) C!8)0027/800| Cl9)1=36/840y ClID) g
180/840) Cl11)1=41/840) Cli2)imdy A(1)ami/9y Al2)i1=1/6y AL3) 18174y
Afd) 121/10) A[S)1=1/6y Alé)emi/2y) ALTY1m2/3) A[8)1=1/3) AL9)1a8/6)
Al10)emS5/69 Al11) 331y BI1,011=1/9) Bl2,0) 1m1/24y Bl2,1)883/24y
B(3,0)my/16) B13,1)120) BU3,21133/16y B14,0)1829/500; 8l4,1) 120
Bld,2)1=33/500 Bld4,3)1==12/500) B(S,0)1533/972 BIS,1)1809
B(S,2)1=0) BI5,3)134/972y BIS,4119125/972) Bl6,0) 18e2(/36)

Blée,1) =0y Bl6,2) 110 Bl6,3)13x76/36) Bl6,4):m125/36) B(6,8) =
=162/36) Bl7,0)3%=30/243) B[7,1) 150} BI7,2) 120y BI(7,3)1532/243)
BI7,4)33125/243; B(7,5)120) BI7,6)15899/243, Bl8,2)1={1{75/324)
B(8,1) 120y B(8,2) 120, BI8,3) 15=3456/324 BlB,4]1meb280/324y
B(8,5)158424/324y BI8,6)15242/324y B18,7)15=27/324) B(9,8)12293/324)
BI9,1)188y B(9,2) 130y B19,3)11=2e852/324) B19,4) 15«1375/324)

(7



B19,5)181836/324) BI(9,6)1318«118/324y BI(9,7)12162/324) BL9,8) 181)
B(10,8)1®1303/1620y B(10,1) 120 B!lﬂ.?]liﬂt Bli2,3) 1med260/1620)
BL10,4) 12=6875/16203 B(108,5)189990/16208) B(10,6)131030/1620)
BIl10,7)1=@)y B([10,8)120) B(10,9!§=162/1620) Bl11,0)15=8595/4428)
Brl11,1)0mB)y B[11,2)120s B(11,3)13303720/4428y B11,4) 3c4BT7S0/4428}
Bl11,5)12=66896/4428) B[11,6) 1837874428y BI11,7)18=729/4428)

Bl11,8)18=1944/4428y Bl11,9)15=1296/40428) B(11,10)123240/4428}

CURTIS3

CiB)i1=1/20s C(1)3=By CL2)1=0y C(3)18@y CLU4) 1By C(5)1=13/180)
Cl6):a36/180y) C(7)3=64/180y C[8BY181/5y C(9)1=513/180) Cl18)121/20)
Cl11)1mQ) C(12)1=@) A[1)1=183855/1020000) Al2)18183855/1000000
Al3]13275775/100000209 A(dlllbﬁ90!9/1ﬂ000dﬂa AlS) 12827326/1000000)

Al6]12172673/1000000s A(TYsm1/2) ALlB)1N827326/1000060)

08



A{9113172673/1000000y AL10)1=1y B[1,0)131838%0/1000000)
Bl2,0)1592128/10000003 B(2,111291922/1000000) B[3,0) 1868943/1000000;
Bl3,1)1=0y B(3,2):5206831/1000000y B[4,0) 1=689439/1000000) Bl4,1)1=
@y B14,2)1=2=2585396/1000000y B[4,3)132585396/1000000) B (5,8} 1882732/
100000023 BI(S,1)1301 B(5,2)4%08y B(5,3)1=413663/1000000) BIS,4]ss
330930/1000000) B[6,08)1897115/1082000) Bl6,1)130) Bl6,2) 190
Bl6,3)18973028/1000000) Bl6,4)12-44005/1000080) Bl6e,5) 1222254/
100000202y B(7,0) 132623200/10000008) B(7,1)t=0) B(7,2) 120}
Bl7,31182259948/1000000 BI(7,4113249582/10000800) B(7,5) 1==113452/
1000000) BIL7,611%686138/10000023) B(8,0) 1=308186/12000008) B(8,1] 1nd)
B(8,2) 150y B(8,3)12519705/1000000) Bl8,4) 18«761906/1000000)
BI8,5)ta419861/1000000) B[8,6)13=629648/10002200) BIB,7) 12971118/
1000000y B(9,0)1=2139493/1000000y BI9,1) =05 Bl9,2)1=2; B(9,311m
117240/10000005 B(9,4) 1®=249427/1000000) Bl9,5) 19-26481/10000009
Bl9,6)18=118354/1000000) B(9,7)13182542/10000@0) B(9,8) 18127657/
1000000y B19,2)18=499040/1000000y) B(10,1)132) B[10,2)12089 BL10,3] 1=
©1386394/10002020) B110,4)1213311089/10800023 B(10,5) 13=674026/
1000000y B(10,6)121119619/1000000) Bl12,7)1=e892592/1000000)
BI18,8)15506298/1000000y B([18,9)181195027/1000000)
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